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Abstract

We study the existence of traveling wave solutions for a diffusive Kermack—McKendrick
SIR model with standard incidence. The three compartments—susceptible .S, infected I,
and recovered R—are all taken into account in the traveling waves analysis. We
demonstrate that the minimum wave speed of traveling waves for this three-dimensional
system can be obtained from the linearization around the initial disease-free equilibrium.
The proof is based on Schauder’s fixed point theorem and the Arzela-Ascoli theorem.

This work offers a valuable approach for studying high-dimensional epidemic models.

Keywords: SIR model, traveling waves, standard incidence, Schauder fixed point theo-

rem, basic reproduction number.



Résumé

Nous étudions 'existence de solutions d’ondes progressives pour un modéle SIR diffusif
de Kermack—McKendrick avec une incidence standard. Les trois compartiments—Iles
individus susceptibles S, infectés I et rétablis R—sont tous pris en compte dans
I’analyse des ondes progressives. Nous démontrons que la vitesse d’onde minimale des
ondes progressives pour ce systéme tridimensionnel peut étre obtenue a partir de la
linéarisation autour de 1’équilibre initial sans maladie. La preuve est basée sur le
théoréme du point fixe de Schauder et le théoréme d’Arzela-Ascoli. Ce travail offre une

approche précieuse pour I’étude des modéles épidémiques en haute dimension.

Mots-clés : Modele SIR, ondes progressives, incidence standard, théoréme du point fixe

de Schauder, nombre de reproduction de base.
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Notions and Abbreviations

|-| : Absolute value.

[|-]| : The norm.

d—Z . Derivative of y with respect to time t.

k

d_t?’j : K-th order derivative of y with respect to time t.

ou . o . . : .

8—: The partial derivative of the function u(z, t) with respect to the spatial variable
T

x.

Ou . . . . . :

a: The partial derivative of the function u(z,t) with respect to the time variable

t.

C' : Set of functions that are continuously differentiable once.

J : The Jacobian matrix.

Ry : Basic reproduction number (R-zero or R-nought).

det : The determinant of a matrix.

Spectral radius: The largest absolute value of the eigenvalues of a matrix .
ODE : Ordinary differential equation.

PDE: Partial Differential Equation.

Epidemic: The rapid spread of a disease to a large number of people within a

specific region over a short period of time.

Pandemic : An epidemic that has spread over multiple countries or continents,

affecting a large portion of the global population.
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DFE : Disease free equilibrium, a state where no individuals in the population are

infected, which means that the disease is absent.

EE : Endemic equilibrium, a state where the disease persists in the population over

time.

Threshold: The value Ry = 1 that separates disease extinction (Ry < 1) from
disease spread (Ry > 1).

SARS: (Severe Acute Respiratory Syndrome) is a viral respiratory illness caused
by a coronavirus. It first emerged in 2002-2003 and spread globally, causing severe

pneumonia and respiratory failure.

HI1N1: A subtype of the influenza A virus that caused the 2009 swine flu pandemic.

It is a respiratory illness that spreads easily between humans.

Avian Influenza: A viral infection that primarily affects birds but can sometimes

spread to humans, causing severe respiratory illness (also known as bird flu).
Pathogen: an infectious agent that causes disease in a host.

Epidemic outbreak: the rapid increase in disease cases within a population over

a short time period.



Introduction

Mathematical modeling has become an essential tool in understanding the spread and
control of infectious diseases. Among the most important models in epidemiology is the
Kermack-McKendrick SIR model, first introduced in 1927 [31]. This model divides a
population into three compartments: susceptible (S), infected (I), and recovered (R), and
describes the temporal evolution of an epidemic under the assumption that the population
is well-mixed and spatially homogeneous.

However, real-world disease spread is strongly influenced by spatial factors such as pop-
ulation movement, immigration, vaccination campaigns, border control, and quarantine
measures. The importance of these spatial structures has been clearly demonstrated dur-
ing recent global outbreaks of SARS, HIN1, and avian influenza [3, 4]. Traveling waves
of spatial epidemic models represent the transition of an outbreak from an initial disease-
free state to another disease-free state, propagating as a wave with fixed shape and speed
[20, 34]. Understanding these traveling waves provide crucial insight into the invasion
speed of infectious diseases [32].

In this dissertation, we extend the classical Kermack-McKendrick SIR model by incorpo-
rating diffusion terms to describe the random movement of individuals, transforming the
system into reaction-diffusion equations [9]. We study traveling waves for three distinct
incidence forms: mass-action incidence, standard incidence without recovered individuals
(SI), and standard incidence with recovered individuals (SIR). For each model, we derive
the basic reproduction number Ry, which determines whether an outbreak can occur, and
the minimum wave speed ¢* at which the disease spreads.

The main results of this dissertation are the following:

e For the diffusive SIR model with standard incidence, we prove that a traveling

B

wave solution exists if and only if Ry = —— > 1 and the wave speed satisfies
Y

+6
¢ > c* =24/dy(B —7 —0). The existence proof is based on Schauder’s fixed point

theorem [27] and the Arzela-Ascoli theorem [26], using the construction of super-

solutions and sub-solutions.

e The asymptotic behavior of the traveling wave solution is described in proposition



(3.3.1), showing that the susceptible population decreases from S_., ahead of the

wave to S, behind the wave, while the recovered population increases.

This dissertation is organized as follows:

e Chapter 1: collects the necessary mathematical preliminaries, including definitions
of ordinary and partial differential equations |28, 10|, the Cauchy-Lipschitz theorem
[16], positive invariance [11], equilibrium points [30], Jacobian matrix [35], the basic
reproduction number and the next-generation method [24, 23|, stability notions [19],
linearized stability [35], traveling wave theory |20, 34, 32|, Leibniz rule [18|, Schauder
fixed point theorem [27], and the Arzela-Ascoli theorem [26].

e Chapter 2: presents the classical Kermack-McKendrick SIR model [31, 25|, first
without demography and then with demographic processes [21, 22]. The equilibrium
points, basic reproduction number, and stability analysis [14] are established for each

case.

e Chapter 3: devotes the traveling wave solutions of diffusive SIR models [9] into
three incidence forms: mass-action incidence [12, 13, 1, 2, 17|, standard incidence
without recovered population (SI) [33], and standard incidence with recovered pop-

ulation (SIR) [9], and proved the existence of travling waves.

10



Chapter 1

Preliminaries

In this chapter, we introduce the important preliminary concepts, definitions, notations,

theorems, and mathematical tools essential to our mathematical framework.

1.1 Ordinary differential equation

_ Definition 1.1.1: [10, 28]

An equation involving dependent variables, independent variables (usually time t),
and the derivatives of the dependent variables with respect to the independent vari-

ables is called an ordinary differential equation. The most general form of an ODE

2 mn
F(t dy dy dy):o,

of order m 1s:

» Y, dt)ﬁu '7%

where:
e t is the independent variable,
e y = y(t) is the dependent variable,

e n is the order of the differential equation,

k

Y is the k-th derivative (k=1,...,n).
dtk

1.2 Partial differential equation

Definition 1.2.1: [15]

A partial differential equation is an equation for a function which depends on more
than one independent variable which involves the independent variables, the function,

and partial derivatives of the function.

11



CHAPTER 1. PRELIMINARIES

Here is the general form that defines a (PDE):

ou ou  0%u 0%u Ok

F (a:l,xg,...,xn,u,

where:
o u=u(xy,xa,...,2,) is the unknown function,

® X1,Ta,...,EL, are the independent variables (n > 2),

are first-order partial derivatives,
L4

. 0%*u
8$i8$j

are second-order partial derivatives,

*u

[ ]
oxkr ... gxkn

are k-th order partial derivatives (where ky + ko +- -

... | =0
81'1’ 781'”’ 83;18951’ ’8x18xn’ ’axllﬂ '--5’fo”’ )

1.3 Existence and unicity of solutions

Let us consider the following system:

dz
=S, te©b)
z(0) = xo.

(1.1)

Where f: Q — R" is a function, ) is an open subset of R", x5 € €2, and b € R7.

~— Theorem 1.3.1: Cauchy-Lipschitz [16]

If f is of class C* on Q and if there exists a constant T > 0 such that:

| f(x1) — f(x2)||zn < T2y — 2[R, V1,22 € 2,

then problem (1.1) has a unique local solution.

12




CHAPTER 1. PRELIMINARIES

1.4 Positive invariance

Theorem 1.4.1: Positive Invariance[11]

Consider the system (1.1),let W C Q be a closed set. If for every x € OV (the
boundary of V), the vector f(x) points inside W (or is tangent), then ¥ is positively
invariant. That is, if o € V¥, then x(t) € V.

1.5 Equilibrium points

Suppose the following ODE:
dx
- = 1.2

where f: Q C R® — R" is a function of class C*.

Definition 1.5.1: [30]
An equilibrium point * of (1.2) is a point for which f(x*) = 0. }

1.6 Jacobian matrix

_ Definition 1.6.1: [35]

Let f : R®™ — R™ be a vector-valued function whose component functions
f1s f2y o5 fin have first-order partial derivatives at a point X = X1,Toy.ccs Tp.
The Jacobian matriz of f at X denoted J¢(X) or simply J(X) , is the m x n
matrix of all first-order partial derivatives.

The Jacobian matriz is defined as follows:

on on . on
0r; Oz oz,
on oh o
J(x) =] 0r1  Oxy oy,
Obn Ofn O
ox, 0x9 ox,,
N b,

Remark 1.6.1

When m = n, the determinant of this Jacobian matriz is called the Jacobian deter-
minant, denoted |Jz(X)| or det (J;(X)).

13



CHAPTER 1. PRELIMINARIES

1.7 The basic reproduction Number

Definition 1.7.1: [24]

The basic reproduction number, denoted Ry, is the expected number of secondary
cases produced, in a completely susceptible population, by a typical infective individual

when the population is on the disease-free equilibrium (DFE).

1.7.1 The next generation method

The next generation method [24] is a technique proposed by Paul van den Driessche
and James Watmough to compute the basic reproduction rate Ry.

It proceeds as follows:
e Step 1: Identifying the variables that describe the infection.

e Step 2: Writing the equations corresponding to the infected compartments in the
form:
= fz(w) — Vz(a:), i= 1...77,,

where x; represents the infected compartments, F;(x) represents the rate of new
infection entering each infected compartment, and V;(z) = V; — V; represents
the rate of transfer of individuals (recovery, death, or movement) into and out of

each compartment.

e Step 3: Linearizing around the disease free equilibrium (DFE).
If ¢ is a disease free equilibrium of the model, then the m X m Jacobian matrices

of F and V are evaluated at xq as follows:

dF,;
8:13 5

oV;
ij (wO):| ’

F:[ (wg)},ande[
with 1 <12,7 < m.
e Step 4: The next generation matrix is defined as follows:

K=FVvV~L

Following Diekmann [23], the basic reproduction number Ry is defined as the

spectral radius (largest eigenvalue) of K and set:

Ro = p(K). (1.3)

14



CHAPTER 1. PRELIMINARIES

~—— Remark 1.7.1 N
o [fRo < 1, each infected individual produces less than one new infection during

their infectious period, and the disease cannot spread through the population.

o I[f Ro > 1, each infected individual produces more than one new infection

during their infectious period, allowing the disease to spread.

o [f Ro =1, each infected individual causes exactly one new infection on aver-
age. This is the eptdemic threshold, the disease neither grows nor declines,

but persists at a constant level in the population.

1.8 Stability notions [19]

~— Definition 1.8.1 ~
The equilibrium point x* of (1.2) is said to be locally stable if for every € > 0,
there exists m > 0 such that for any solution x(t) of (1.2), we have:

lz(0) —a*|| <n = Vt >0, ||o(t) —z*| <e

. J

~—— Definition 1.8.2 ~
The equilibrium point * of (1.2) is said to be asymptotically stable if it is stable,
and if there exists € > 0 such that for any solution x(t) of (1.2), we have:

l2(0) — " < e = lim [|x(t) — 2*| = 0.
& J

~—— Definition 1.8.3 N

The equilibrium x* of (1.2) is said to be globally attractive if:

Jim_lz(t) — 27| =0,
. J

~—— Definition 1.8.4 N

The equilibrium x* of (1.2) is said to be globally asymptotically stable if it is

stable and globally attractive.

1.9 Linearized stability [35]

Consider the non-linear system (1.1), let A = Jg(x*) be the Jacobian matrix of f

evaluated at the equilibrium point x*.

15



CHAPTER 1. PRELIMINARIES

The stability of the equilibrium is governed entirely by the eigenvalues A1, Agy ...y Ay, of
the matrix A.

~—— Theorem 1.9.1 ~
Let f € CY(Q) and let z* € Q be an equilibrium point of (1.1). Denote by

A = Jg(x*) the Jacobian matriz at x*, and let A1, ..., A, be its eigenvalues.

o Asymptotic stability: If Re(\;,) < 0 for every i = 1,...,n, then * is an

asymptotically stable equilibrium of the nonlinear system (1.1).

e Instability: If Re(\;) > 0 for at least one i € {1,...,n}, then x* is an

unstable equilibrium of the nonlinear system (1.1).

- J

Theorem 1.9.2: Routh-Hurwitz criterion for n = 2[14]
For the quadratic polynomial N> + a1\ + ay = 0, all roots satisfy Re(\) < 0 if and

only if:
a; >0 and ay > 0.

1.10 Traveling wave [20, 32, 34]
Consider a general reaction-diffusion system of the form:
u; = Dug, + f(u), xeR, t>0, (1.4)
where:
o u=(up,uy,...,uy) € RY,
e D =diag(dy,ds,...,dy) withd; >0 fori=1,... N,

e f(u) = (fi(u), fo(u),..., fy(u)) is the reaction term.

~—— Definition 1.10.1 N

A traveling wave solution is a special type of solution that propagates with con-

stant speed and shape. It has the form:
u(z,t) =u(f), £=1x+ct,

where ¢ > 0 is the wave speed.

16



CHAPTER 1. PRELIMINARIES

Substituting this form into (1.4) and applying the chain rule, we obtain:

Du’(§) — cu'(§) +£(u()) =0,  £€R. (1.5)

1.10.1 Linearization and the minimum wave speed

To determine the minimum wave speed, we linearize system (1.5) around the inital equi-

librium point E (usually a disease-free equilibrium). We look for solutions of the form:
u(é) = eMn, A>0, n=n,...,0n) > 0.
Substituting into the linearized version of (1.5) yields:
diag(d;\* — cA\)n + £'(E)n = 0,

where f'(E) is the Jacobian matrix of f evaluated at E. This can be rewritten as the
eigenvalue problem:

1
—An =
\ AN cn,

with
Ay = diag(d;\?) + f'(E).

Let W(A,) denote the spectral radius of Ay. Define the function:

1
d(N) = X\IJ(AA) > 0, A > 0.

The minimum wave speed is then given by:

c* = inf ®(A) > 0.
A>0

1.11 Leibniz rule for differentiation under the integral

sign|[18]
~——— Theorem 1.11.1: Leibniz Rule N
Let a(x) and b(x) be differentiable functions, and let f(x,y) be a function such that
— exists and is continuous. Then:
Ox
d b(z) ) ) b(z) )
[ ey = @) V@) - fwa@) @)+ [ ) dy
L Ja(z) a(x) X
& J

In particular, for the special cases used in this thesis:

17



CHAPTER 1. PRELIMINARIES

e If a(z) = —oo (constant) and b(z) = x:

o[ tena=reo s [ i

—0o0

o If a(x) =z and b(x) = oo (constant):

& tendy =t + [ ey

1.12 Schauder fixed point

The following theorem is a fundamental result in functional analysis used to prove the

existence of fixed points for continuous and compact maps on convex sets.

~ Theorem 1.12.1: Schauder fixed point [27] .

Let X be a Banach space and let K be a non-empty, closed, bounded, and convex
subset of X. If F : K — K is a continuous and compact map (i.e., F(K) is relatively
compact in X ), then F has at least one fized point. That is, there exists u € K such
that:

F(u) = u.

1.13 Arzela-Ascoli

The Arzela-Ascoli theorem characterizes compactness in spaces of continuous functions.

_ Theorem 1.13.1: Arzela-Ascoli [26] 8

Let {f.} be a sequence of continuous functions defined on a compact interval [a,b] C

R. If the sequence is:

1. Uniformly bounded: There exists M > 0 such that |f,(z)| < M for all n
and all z € [a, b];

2. Equicontinuous: For every ¢ > 0, there exists 0 > 0 such that for all n and
all z,y € [a,b] with |x —y| < §, we have |f,(z) — fu(y)| < €

then there exists a subsequence { f,} that converges uniformly on [a,b.

18




Chapter 2

The Kermack-McKendrick

Epidemic Model
N /

Mathematical modeling of epidemics [3, 22| is the use of mathematical structures to

4 N

describe and predict how infectious diseases spread through populations. These models
divide the population into epidemiological compartments according to the state of the
disease and describe the changes between them over time. In 1927, William Ogilvy
Kermack (W.O.Kermack) and Anderson Gray McKendrick (A.G.McKendrick) [31]
described the dynamics of the disease transmission using a system of Ordinary Differential
Equations ODEs.

Figure 2.1: W.O.Kermack (1898-1970)(left), A.G.McKendrick (1876-1943)(right).

Among the mathematical models of epidemics, the SIR model (S: Susceptible, I:
Infected and R: Recovered) remains one of the most historically important models. It was
first proposed by W.0.Kermack and A.G.McKendrick in 1927 [31], and developed
by Ronald Ross, William Hamer, and others in the early twentieth century [25]. This
model studied the spread and evolution of an infectious disease in a population in which a
pathogen is present and actively spreading. The model is divided into three compartments:

the susceptible individuals S who are healthy, the infected individuals I who are capable

19



CHAPTER 2. THE KERMACK-MCKENDRICK EPIDEMIC MODEL

of transmitting the disease to the healthy population and the recovered individuals R who
are removed from the infected population with curing and gaining immunity. This model
focuses only on the temporal dynamics of the infection cycle, therefore it is suitable for
the description of a well-localised epidemic outbreak. Since then, multiple extensions have
been studied: SIS (Susceptible, Infected and Susceptible), SIR (Susceptible, Infected and
Recovered), SEIS (Susceptible, Exposed, Infected and Susceptible), SEIR (Susceptible,
Exposed, Infected and Recovered), etc |7, §].

2.1 SIR model without demography

The SIR model without demography is the classical model, which has been fundamental
to our understanding of disease dynamics in closed populations. It divides the total
population (IN) into three compartments (S, I, and R). In this model demographic
processes are not considered, which means that births, migration and natural deaths
are ignored, and the total population is constant. Therefore, the transmission between

infected and susceptible individuals occurs by direct contact.

2.1.1 Mathematical formula of the model

This model is written as a system of three non-linear ODEs. These equations compute the
frequency of individuals in each compartment at a given time (t) in the total population
(IN), and describe the transmission dynamics of the disease through direct contact between

the susceptible and the infected individuals.

Here is a schematic diagram to picture this process:

Figure 2.2: Schematic diagram of the SIR model without demography.

As shown in figure (2.2), where 8 and ~ are positive parameters, the system of ODEs

20



CHAPTER 2. THE KERMACK-MCKENDRICK EPIDEMIC MODEL

is written as follows:

(dS
2 —  _BSI
dt /BS )
dl
== BSI—~l, (2.1)
dR
= AT
\ dt ’y )

with the following initial conditions: S(0) = Sy, I(0) = Iy, R(0) = Ry and N(0) =

Ny, where Ny is the initial total population size.

Here is the interpretation of the model:

N (t): The total population size at time (t).
S(t): Susceptible individuals at time (t) who are healthy but can become infected.

I(t): Infected individuals at time (t) who carry the infection and are capable of

transmitting it.

R(t): Recovered individuals at time (t) who have recovered and gained immunity.
dS/dt: The change of the susceptible population at a given time (t).

dI/dt: The change of the infected population at a given time (t).

dR/dt: The change of the recovered population at a given time (t).

B3: The transmission rate of the disease through interactions between susceptible

and infected individuals.

~: The recovery rate at which the infected individuals are recovered from the disease

and gained immunity or removed due to mortality caused by the disease.

BSI (Incidence term): The infection term, which represents the number of sus-

ceptible individuals becoming infected at a given time (t).

2.1.2 Analysis of the model

~—— Theorem 2.1.1 N
The system described by (2.1) admits a unique solution.

. J

~—— Proof N

Since the functions defining system (2.1) are of class C*, they are locally Lipschitz
continuous on Ri. Hence, by the Cauchy—Lipschitz theorem (1.53.1), for any given

21



CHAPTER 2. THE KERMACK-MCKENDRICK EPIDEMIC MODEL

wmatial condition, there exists a unique local solution to the initial value problem

associated with system (2.1).

We add the three equations of system (2.1) to obtain the total population:

N _dS  dI  dR

dt — dt  dt = dt

= (=pBSI) + (+BST — 1) + (7I)
0

dN
Since e 0, it then follows that N(t) = Ny, where Nj is a constant representing the
initial total population size. Therefore, in the absence of demography effects, the total

population remains constant over time.

Proposition 2.1.1. The set :
Q={(S,I,R)eR} : S+I+R=N},

18 positively invariant.

~—— Proof ~
The total population IN is divided into three epidemiological compartments:

N(t) = S(t) + I(t) + R(¢).

Differentiating N with respect to t and substituting from system (2.1), we obtain:

dN_dS+dI+dR_( BST) + (BST — ~I) + (1) = 0
dt dt dt dt v v=0

By a straightforward computation, we find:

N(t) = N(0) = N,, Vt>o0.

Consequently, the total population remains constant over time, which shows that the
set Q2 = {(S, I,R) € Ri : S+ I+ R= NO} is positively invariant.
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2.1.3 Equilibrium points

The equilibrium points of system (2.1) satisfy:

I
%:0, %:0, %:O.
So we solve:
—BSI =0,
BSI —~I =0,
v =0,

from the third equation of (2.2), we obtain I* = 0 (since v > 0).

(2.2)

Substituting I* = 0 in the first two equations of (2.2) yields trivial identities (0 = 0),

providing no further condition on S*.

Using the conservation of the population N = S 4+ I + R with I* = 0 yields:

N =5"4+ R".

In the absence of infection, no individuals enter the recovered class, consequently R* = 0

and S* = N.

Collecting these results, we obtain the following equilibrium point:

Ey = (N,0,0)

Since I'* = 0, this point represents the disease-free equilibrium (DFE).

Remark 2.1.1

In the absence of demography, the SIR model admits only one equilibrium point

wich is the disease-free equilibrium DFE, since any endemic equilibrium EFE requires

I > 0, which is not possible at steady state unless parameters are modified.

¢ Disease-free equilibrium (DFE): a state where no individuals in the population

are infected, which means that the disease is absent.

¢ Endemic equilibrium (EE): a state where the disease persists in the population

over time.

2.1.4 The basic reproduction number

Following the next generation method (1.7.1), the basic reproduction number of model

(2.1) is calculated as follows:

e Step 1 (Identifying the infected variables): In the SIR model, the only in-

fected variable is I.
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e Step 2: Writing the equation corresponding to the infected variable in the form:

dl

7y =F(x) — V(x).
From the model:
I = (3SI I
dt v

We have: F = BST (new infections), and ¥V = ~I (recovery).

e Step 3 (Linearizing around the DFE):

At the DFE:
E, = (N9 0, 0)7
we compute the derivatives:
o(BSI
p= 205D _ 5y
oI |,
o(yI
v 200
ol |g,

e Step 4 (Next generation matrix): With only one infected compartment, the

next generation matrix reduces to:

K=Fv—!

N
o

=

Since the next generation matrix reduces to a scalar, its spectral radius is equal to

its unique eigenvalue, yielding:

2.1.5 Stability analysis
Stability of the Disease Free Equilibrium
The Jacobian matrix evaluated at the DFE (Ep) is:
0 —BN O
J(Eoy) =10 BN—~ 0
0 vy 0
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The characteristic equation det(J(Ep) — AI) = 0 yields:
N[(BN =) = A] =0.

The eigenvalues are:
A1 = A2 = 0 (with multiplicity 2),

and
A3 =BN —~v=7(Ro —1).

Remark 2.1.2

The Jacobian matriz at the DFE has two zero eigenvalues. Consequently, the lin-

earization theorem (1.9.1) cannot be used to determine the stability of Eqg. Therefore,

we must use a different method.

To determine the stabilty of Eg, we examine the behavior of the system near the equi-
librium point. Assume a small perturbation near the equilibrium, where the susceptible
population S is close to IN and the infected population I is small but strictly positive.

Substituting S & N into the infected equation of system (2.1) gives:

dl
— ~BNI— I =I(BN — 7).

this differential equation has the following solution:

I(t) =~ Le®N-Mt = [e7(5 Dt

Since Rg = ——, hence:

I(t) = Iye"Ro— 1t

Consequently:

o If Ry < 1, then I(t) — 0 ast — oo. The disease free equilibrium FEjy is locally
asymptotically stable.

o If Ry > 1, then I(t) — oo (grows exponentially) as ¢ — oo. The disease free

equilibrium FEy is unstable.

o If Rp = 1, then I(t) = Iy, this approximation gives no growth or decay. This is

the epidemic threshold case.
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2.2 SIR model with demography

Demography is an addition to the classical SIR model that is described in detail by
Matt J.Keeling and Pejman Rohani [21]. The SIR model with demography [3]| also
divides the population into three main compartments S (susceptible), I (infected), and
R (recovered) individuals. It incorporates demographic processes (births, migration and
natural deaths), assuming that all individuals entering the population, whether by birth or
migration, are susceptible since they are not yet infected. It also assumes that individuals

from each compartment may die naturally.

2.2.1 Mathematical formula of the model

The interactions between the compartments and the demographic processes are described
by a system of ODEs representing the temporal evolution of population in each com-
partment.

To understand this process, here is a schematic diagram shows the interactions between

the compartments:

Figure 2.3: Schematic diagram of the SIR model with demography.

As shown in figure (2.3) where A, u, 3, and ~ are positive parameters, the system of

ODEs is written as follows:

(dS
— = A= I —
dl
§ — = BSI—~I—ul, (2.3)
dt
dR
— = vl —uR
\ dt 7 H Y

with the following initial conditions: S(0) = Sy, I(0) = Iy, R(0) = Ry, and
N (0) = Ny where Nj is the initial total population size.
The interpretation of the parameters 3,~ and the compartments S, I, R is the same as

in Section (2.1) The only differences are the addition of:
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e A : The recruitment rate (births or migration).

e 1 : The natural death rate for all compartments.

2.2.2 Analysis of the model

~—— Theorem 2.2.1 ~
The system described by (2.3) admits a unique solution.

G J/

~—— Proof ~

. . . . 3
Since the functions of system (2.3) are of class C*, they are locally Lipschitz on RZ, .
By the Cauchy-Lipschitz theorem (1.5.1), we deduce the existence and uniqueness of

the solution to the initial value problem associated with system (2.3)

We add the three equations of system (2.3) to obtain the total population :

dN ds dI dR

w  aTw T w
= (A= BST —pS) + (BST —~I — pl) + (v] — pR)

= AN—uS—pul —uR
= A—pu(S+I1+R).

dN
Since N = S + I + R, we have pT A — uN, therefore the total population is not

constant.

Proposition 2.2.1. The set :
3 A
Q=47(S,I,R)eR} : S+T+R<max(N(0),— |,
n

18 positively invariant.

~—— Proof ~
The total population N is divided into three epidemiological compartments mentioned

previously, which can be expressed as:
N(t) =S(t)+ I(t) + R(t).

Differentiating N with respect to t and substituting from system (2.3), we obtain:

N A~ uN (@)
dt H '
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Solving this linear differential equation, we get:
Y —pt
N(t) = N(0)e ™+ — (1 —e ).
7}
Consequently, as t — oo, we have N (t) — %, which shows that the set:
3 A
Q=47(S,I,R)cRy : S+ I+ R<max(N(0),— |,
n

15 positively invariant.

2.2.3 Equilibrium points

The equilibrium points of system (2.3) satisfy:

dS dl dR
E_O’ E_O’ %_O’
So we solve:
A —pBST—uS =0,
BST —~I — ul =0, (2.4)

vl — pR =0.

From the second equation of (2.4):
BSI—(y+mI=0 = I[BS—(y+u)]=0.
This gives two distinct cases:

e Case 1: [ =0.

oCase2:S:u,WithI>O.

B

Case 1: Disease-Free Equilibrium (DFE)

Substituting / = 0 into the first and third equations of (2.4):

A
e First equation: A —puS=0 =— S=—.
i

e Third equation: —uR=0 = R=0.
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Hence the disease-free equilibrium is:

A
Ey = (—,0,0)
1

Case 2: Endemic Equilibrium (EE)

When [ # 0, we obtain from the second equation:

YA p
S=-—
s

Substituting S into the first equation of (2.4):

=0,

+
A‘(’V*’M)I—M‘%

which yields:
A p AB—p(y+p)

Cytp B Byt
Substituting I into the third equation of (2.4):

vl — pR = 0.

Which yields:

R:’V_IZZ(L_E)
P op\vtu B

Thus the endemic equilibrium is:

Eﬁ:<7+uAﬂ—uW+u)1< A _g))
g Bly+w Tu\vy+w B))

For this equilibrium to be biologically meaningful, all components must be positive.

Since S > 0 and R > 0 whenever I > 0, the necessary and sufficient condition is:

Ap

.
p(y + )

[ >0 <<

2.2.4 The basic reproduction number

Following the next generation method (1.7.1), the basic reproduction number of model

(2.3) is calculated as follows:

e Step 1 (Identifying the infected variables): In the SIR model, the only in-

fected variable is 1.
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e Step 2:
Writing the equation corresponding to the infected variable in the form:

dI
& = F@) - V(@)
From the model (2.3):
a_ BSI —~I I
dt 'Y pi.

We have: F = BST (new infections), and V = (v + p)I (transfers out).

e Step 3 (Linearizing around the DFE):

At the DFE: A
E, = <_a 0, 0) )
n

we compute the derivatives:

po0WBSD 5 A_BA
oI |g, BB

_o((v+mwID)|

V_TEO_%L“

e Step 4 (Next generation matrix):

With only one infected compartment, the next generation matrix reduces to:

K=rFrv!

BA
p(y 4 p)

Since the next generation matrix reduces to a scalar, its spectral radius is equal to

its unique eigenvalue, yielding:

BA

Ry = 2%
° T uly )
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~— Remark 2.2.1
BA

Noting that: Ry = ———,
p(y + p)

the endemic equilibrium E* can be rewritten as:

B <7+u p(Ro — 1) 7(R0—1)>
p BB '

Consequently, E* is biologically meaningful (all components are positive) if and
only if Ry > 1.

2.2.5 Stability analysis
Stability of the Disease Free Equilibrium

The Jacobian matrix of system (2.3) evaluated at the DFE is:

A
A K
J(Eo) = | ¢ 6——(’y—|—u) 0 |
0
0 gl —

The characteristic equation det(J(Eg) — AI) = 0 yields:

A
(—p = A)? <%—(7+u)—k) =0.
The eigenvalues are:
A1 = A2 = —p (with multiplicity 2),

and

Asz%—(wu):(wu)ma—n.

~—— Theorem 2.2.2: Stability of the DFE

The disease-free equilibrium Eqg s locally asymptotically stable if Rog < 1 and un-
stable if Ro > 1.

-

~—— Proof
Since Ay = Ao = —pu < 0, the stability is determined by As. When Ro < 1, we
have Az < 0 and all eigenvalues have negative real parts, implying local asymptotic
stability. On the other hand, when Rqo > 1, we have A3 > 0 and the DFE becomes

unstable.
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Stability of the Endemic Equilibrium

The Jacobian matrix of system (2.3) evaluated at the EE is:

—pI" — p —p5* 0
J(E") = pr  BS*—(y+mp 0
0 g —p
-1
Substituting the equilibrium values S* = 7 ; Eoand I* = %, and noting that

BS* — (v + p) =0, we obtain:

The characteristic equation det(J(E*) — AI) = 0 yields:
(k= A) [N+ uRoA + u(Ro — 1) (v + p)] = 0.

The eigenvalues are:

A1 = K,

and

—pRo £+ \/(1Ro)? — 4p(y + p)(Ro — 1)
5 .

)\2,3 -

Theorem 2.2.3: Stability of the EE

The endemic equilibrium E* is locally asymptotically stable if Ro > 1 and doesn’t
exist (not biologically meaningful) if Ro < 1.

~—— Proof ~
Since the eigenvalues are Ay = —p < 0 and the roots Aay A3 of the quadratic factor:

A2 4+ a1\ + as = 0, where
a; = pRo,  az=p(Ro—1)(v+ ).

When Ro > 1, we have:

e a; = uRo > 0,
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o az = pu(Ro — 1)(y+p) > 0.

By the Routh-Hurwitz criterion for quadratic polynomials (1.9.2), all roots of

A2 4+ aq X+ as = 0 have negative real parts if and only if ax > 0 and ay > 0. Since
these conditions are satisfied for Ro > 1, the eigenvalues Ao and Ag have negative
real parts.

Consequently, all eigenvalues of J(E*) have negative real parts. Therefore, the
endemic equilibrium E* s locally asymptotically stable whenever Ro > 1 . On the

other hand, when Ro < 1, the endemic equilibrium doesn’t exist.
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/ Chapter 3 \
Travelling Waves Of The Diflusive

SIR Model
N J

The Kermack—McKendrick SIR model describes the temporal evolution of a popu-
lation assumed to be well-mixed and spatially homogeneous. However, this framework
ignores spatial structures that play an important role in describing the spread of com-
municable diseases. The importance of these factors has been witnessed in recent global
epidemic outbreaks of SARS, HIN1, and avian influenza [4, 5|. Following H. Wang
et al.|9], we extend the basic model by incorporating diffusion terms to represent the ran-
dom movement of individuals (notably infectious agents or the host population),

transforming the system into reaction—diffusion equations.

3.1 The mass action incidence model

The diffusive SIR model without demography is the classical spatial extension, which has
been fundamental to our understanding of disease dynamics in populations with random
movement, where the transmission follows mass-action incidence. This model was studied
by Kallen [17|, Hosono and Ilyas [12]|, who established the existence of traveling wave
solutions (solutions that propagate with constant shape and speed). Their work showed
that the spatial propagation of an epidemic can be characterized by a traveling wave
connecting an initial disease-free state to another disease-free state, with the minimum

wave speed.

3.1.1 Mathematical formula of the model

This model divides the total population into three compartments (Susceptible, Infected
and Recovered) , ignoring the recovered individuals R in the transmission dynamics. In
this model, demographic processes are not considered, which means that births, migration
and natural deaths are ignored, and the total population is not constant. Therefore,

transmission between infected and susceptible individuals occurs by direct contact with
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mass-action incidence.

The model is written as a system of two non-linear reaction—diffusion equations:

0,8 = dy0,,S — BSI,
(3.1)

with the following initial conditions: S(0) = So , I(0) = Iy, and N(0) = Ny where

Ny is the initial total population size. Here is the interpretation of the model:

e N(t): The total population size at time (t).

e S(t): Susceptible individuals at time (t) who are healthy but can become infected.

e I(t): Infected individuals at time (t) who carry the infection and are capable of

transmitting it.

e 9:S: The change of susceptible individuals at a given position (x) and time (t).

e 9:I: The change of infected individuals at a given position () and time (¢).

e d;: The diffusion rate of susceptible individuals.

e ds: The diffusion rate of infected individuals.

e dy0.,S: The diffusion term, describes how susceptible individuals randomly spread

from area to area.

e d»0,.I: The diffusion term, describes how infected individuals randomly spread

from area to area.

e (3: The transmission rate of the disease through interactions between susceptible

and infected individuals.

e ~: The recovery rate at which infected individuals are recovered from the disease

and gained immunity.

e 3SI (Incidence term): The infection term, which represents the number of sus-

ceptible individuals becoming infected at a given time (t).
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3.1.2 Existence and uniqueness

~— Theorem 3.1.1: Existence and Uniqueness .
Let
Y = C(Q,RY)

be the Banach space endowed with the supremum norm, and consider the diffusive

SIR system with initial condition
uy = (S0, 1o, Ro) €Y.

Since the nonlinear operator F' 1Y — Y s locally Lipschitz on (Y) [29, Lemma
3.1/, it follows from [6, Proposition 4.16] that for every uy € Y, there exists a
unique maximal solution

u(-,up) € C([0,Tp),Y),

where Ty € (0,00]. Moreover, either Ty = oo or

lim sup |u(t, up)|y = oo.
t—=Ty

Proof
The result follows from the local Lipschitz continuity of (F) on (Y) established in [29,

Lemma 3.1] and the classical semilinear evolution equation theory in [0, Proposition

4.16].

3.1.3 Equilibrium points and basic reproduction number

We consider the spatially homogeneous system (no diffusion terms) since, at equilibrium

the spatial derivatives are zero. Hence we look at the following ODE system :

dsS
E - _/BSIJ

dI
— = BSI —~I.
7 B Y

The equilibrium points satisfy:

at (3.2)
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From the second equation of system (3.2):
BSI —~I =0= (58S —~v) =0,
this gives two distinct cases:
e Case 1: [ =0.

e Case 2: S:%,With]>0.

Case 1: Disease-Free Equilibrium (DFE)

If I = 0, the second equation is satisfied for any S > 0. Also, the first equation is satisfied

(since I = 0). Therefore, there are infinitely many disease-free equilibria:

EQ = (S(),O), with S() 2 0,

any point with no infected individuals is an equilibrium.

Case 2: Endemic Equilibrium (EE)

If S* = %, with I > 0. Substituting into the first equation of (3.2) gives:

s

E__ﬁ I =—~I#0, (since I >0 and v > 0),

.
5
therefore, no endemic equilibrium exists in the spatially homogeneous system. Following

the next-generation method (1.7.1), the basic reproduction number is given by:

3.1.4 Traveling wave

To investigate the spatial spread of the epidemic, we seek the traveling waves of the form:

S(z,t) =S(), I(z,t)=1I(§),
where
¢ =1x+ct,
and ¢ > 0 denotes the traveling wave speed. Applying the chain rule gives the following:

oS %S

S =eS(e), oo =5,
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and similarly:
ol %I
— Il — I//
at c (5) ) 83:2 (6) )

substituting these expressions into the reaction-diffusion system (3.1) yields:
cS' =dS" — BSI,
cl' =doI" + BST —~I,
rearranging:
d1S" — S — BSI =0,
dol" —cl' + ST —~vI = 0.

Following Wang et al. [9], the traveling waves is assumed to connect two equilibrium

states at spatial infinity. Therefore, the boundary conditions are written as follows:

S(—o0) =85, I(—o0)=0,

and
S(4+00) = Sio, I(+00) =0,

the quantity S_., represents the density of susceptible population ahead of the epidemic
wave before the infection reaches the population, while S, ., denotes the density of suscep-
tible population after the passage of the wave. In particular, for traveling waves analysis,

the two equilibrium states connected by the wave are:
EO = (S,OO,O), El = (S+0070)7

and the basic reproduction number is written as follows:

_ BSw
=

Ry

3.1.5 Wave speed

To determine the propagation speed of the epidemic wave, we linearize the infected equa-

tion around the disease-free equilibrium
Ey = (5_,0).
Near the disease-free state, the infected equation becomes:

doI" — cI' + (BS—0e — 7)1 = 0.
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Assuming an exponential solution of the form
1) = .
substituting into the previous equation yields:
doA? — A+ (BS_o —7) = 0.
For real solutions to exist, the discriminant must satisfy
A =c*—4dy(BS_oo —7) > 0.,

hence:
¢ > 2/ dy(fS-0o —7)-

BS_oo

Using the basic reproduction number Ry = , we can also write:

cr=2 dz"}’(RO — 1).

In particular, with the aid of Dunbar |1, 2|, Hossono and Ilyas [13| proved that if the

basic reproduction number Rqo = —* > 1, then for each ¢ > ¢* system (3.1) has a

9
traveling wave solution (S(x + ct), I(x + ct)). On the other hand, there is no traveling
solution for (3.1) if Rg = <1

— o0

3.2 The standard incidence model (SI)

In classical epidemic models, the incidence rate(the rate at which new infections occur) is
often assumed to be proportional to the product of susceptible and infected populations.
This is known as mass-action incidence. However, for many realistic human diseases, the
number of contacts per individual does not increase linearly with population density due

to behavioral or social constraints.

3.2.1 Mathematical formula of the model

This model divides the total population into three compartments (Susceptible, Infected
and Recovered), neglecting recovered individuals R. Demographic processes such as births
and natural deaths are also ignored. The transmission of the disease follows the fraction
incidence, where the infection rate depends on the fraction of infected individuals within

the population.
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The model is written as a system of two non-linear reaction—diffusion equations:

I
04S = d10.S — ﬁ,
S+1
a1 (3.3)
I = I+ —— —~I
at d28x1‘ + S—i—[ YL,

with the following initial conditions: S(0) = So, I(0) = I, and IN(0) = Np where Ny
is the initial total population size.
The interpretation of the parameters dy, ds, 3,7 and the diffusion terms is the same as in

section (3.1). The only difference is the incidence term, which is now given by the fraction

incidence

. This term represents the number of susceptible individuals becoming

infected at a given time (t).

3.2.2 Existence and uniqueness

——— Theorem 3.2.1: Existence and Uniqueness
Let

Y =C(Q,R?)

be the Banach space endowed with the supremum norm, and consider the diffusive

SIR system with initial condition
ug = (So, 1o, Ro) €Y.

Since the nonlinear operator F' 1Y — Y s locally Lipschitz on (Y) [29, Lemma
3.1/, it follows from [6, Proposition 4.16] that for every uy € Y, there exists a
unique maximal solution

u(-,up) € C([0,Tp),Y),

where Ty € (0,00]. Moreover, either Ty = oo or

lim sup |u(t, up)|y = oo.
=Ty

Proof
The result follows from the local Lipschitz continuity of (F) on (Y) established in [29,

Lemma 8.1] and the classical semilinear evolution equation theory in [6, Proposition

4.16].
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3.2.3 Equilibrium points and basic reproduction number

We consider the spatially homogeneous system (no diffusion terms) since at equilibrium

the spatial derivatives are zero. Hence we look at the following ODE system :

as _ psSI
a S+ 1TI
ar_ BSI
it~ S+1
The equilibrium points satisfy:
dsS
a Y
3.4
0 (3.4)
da
From the first equation of system (3.4):
BST
—— = SI=0
S+ 1 ’

this gives two distinct cases:
e Case 1: I =0.

e Case 2: S=0, with I > 0.

Case 1: Disease-Free Equilibrium (DFE)

If I = 0, the second equation of (3.4) is satisfied (since both terms are zero). The first

equation is also satisfied. Therefore, there are infinitely many disease-free equilibria :

EO = (5070)7 SO Z OJ

any point with no infected individuals is an equilibrium.

Case 2: Endemic Equilibrium (EE)

If S = 0, the first equation of (3.4) is satisfied. Substituting S = 0 into the second

equation :

B-0-1
0+1

Therefore, no endemic equilibrium exists in the spatially homogeneous system. Following

— I = —vI #0, (since [ >0 and v > 0).

the next-generation method (1.7.1), the basic reproduction number is given by:
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— Remark 3.2.1 ~

S
Unlike the mass-action incidence model where Ro = i depends on the initial

Y
susceptible population Sy, the basic reproduction number for the fraction incidence

model is independent of Sp.

3.2.4 Traveling wave

To investigate the spatial spread of the epidemic, we seek traveling wave solutions of the

form:

S(l‘,t):S(g), [(x,t):[(g%

where
§=ux+ ct,

and ¢ > 0 denotes the traveling wave speed.

Applying the chain rule gives the following:

oS , 0%S 9

or = c5'(§), 2 S"(6),
and similarly:

ol , 0?1 y

T cl'(§), Frche 1"(6),

Substituting these expressions into the reaction-diffusion system (3.3) yields:

cS'=d 5" — Sﬁ—ilf’
cl' = dyI” + Sﬂ—ijl —~I.
Rearranging:
d,S" — ¢S — Sﬁ—f—jl =0,
doI" — eI’ + Sﬁ—f—II —~I[=0.

Following Wang et al. [9], the traveling waves are assumed to connect two equilibrium

states at spatial infinity. Therefore, the boundary conditions are written as follows:

and
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The quantity S_., represents the density of susceptible population ahead of the epidemic
wave before the infection reaches the population, while S, ., denotes the density of suscep-
tible population after the passage of the wave. In particular, for traveling wave analysis,

the two equilibrium states connected by the wave are:

EO = (S_OO,O), and E1 = <S+Oo,0)

3.2.4 Wave speed

To determine the propagation speed of the epidemic wave, we linearize the infected equa-

tion around the disease-free equilibrium
EO = (S,oo, O)

Near the disease-free state, we have S ~ S, and for small I, we have S + 1 ~ S_, so:

BST _ BS_oI

S+1 S oo p

Therefore, the infected equation becomes:
dol” —cI' + (B —~) = 0.
Assuming an exponential solution of the form:
I(¢) = €,

substituting into the previous equation yields:

d2>\2—6>\+(ﬁ—’7)20.

For real solutions to exist, the discriminant must satisfy:

A =c*—4dy(B—) > 0.

Hence,

c>2+/dy(B — 7).

Using the basic reproduction number Ry = é, we can also write :
Y

ct = 2\/d2"}’(R0 — 1).
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In a more recent work, as in section (3.1) Wang et al.|33] proved a similar result for

the diffusive Kermack-McKendrick SIR model with the fraction incidence, traveling waves

exist if and only if Rg = é > 1.
Yy

3.3 The standard incidence model (SIR)

We now extend the previous fraction incidence model and examine a more general diffusive
Kermack—McKendrick SIR model by including the recovered compartment R, with
the assumption that some of the infective individuals will be removed from the population
due to death caused by disease or quarantine, while others will recover and return to the

community.

3.3.1 Mathematical formula of the model

This model divides the total population into three compartments (Susceptible, Infected,

and Recovered). Hence, the incidence term now depends on the total population N =

ST
S+ 1+ R, ie., ﬁ— The model is written as a system of three non-linear
S+I+R
reaction-diffusion equations:
( BST
' ! S+I+R
BST
O = dyOpy] + —o—— — ] — 1 (3.5)
! Wl Vo T R ’
{ R = d30,. R+ I,

with the following initial conditions: S(0) = Sy, I(0) = Iy, R(0) = Ry, and N(0) =
Ny where Ny is the initial total population size.

The interpretation of the parameters and diffusion terms is the same as in sections(3.1)

SI1
and (3.2). The only differences are the incidence term S-II—BT%’ which now depends on
the total population, and the addition of the recovered compartment R with its diffusion

term d3zd., R and the death caused by disease rate § for infected individuals.

3.3.2 [Existence and uniqueness

Theorem 3.3.1: Existence and Uniqueness

Let
Y = C(ﬁ, R3)
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be the Banach space endowed with the supremum norm, and consider the diffusive

SIR system with wnitial condition
ug = (So, lo, Ro) €Y.

Since the nonlinear operator F :'Y — Y is locally Lipschitz on (Y) [29, Lemma
3.1/, it follows from [6, Proposition 4.16] that for every uy € Y, there ezists a
unique maximal solution

u(-,up) € C([0,Tp),Y),

where Ty € (0,00]. Moreover, either Ty = oo or

lim sup |u(t, ug)|y = oo.
t—=Ty

- J

~—— Proof 2
The result follows from the local Lipschitz continuity of (F) on (Y) established in [29,

Lemma 3.1] and the classical semilinear evolution equation theory in [6, Proposition

4.16].

3.3.3 Equilibrium points and basic reproduction number

Following the same reasoning as in sections (3.1) and (3.2), the model (3.5) has infinitely

many disease-free equilibria of the form:
(S, 0, R), S>0, R>0,

and no endemic equilibrium when I > 0.
Following the next-generation method (1.7.1) around the disease-free equilibrium, the

basic reproduction number is given by:

s

ROI .
v+ 6

3.3.4 Traveling wave solutions

A traveling wave solution is a type of solution of the form (S(xz+-ct), I (x+ct), R(x+ct).
It describes the transition of an outbreak from the initial disease-free equilibrium to

another disease-free state. To investigate the spatial spread of the epidemic, we seek
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traveling wave solutions of the form:

S(:E,t) 25(5)7 I<I7t) :I(€>7 R(ZL’,T,) :R<§>7
where
E=x+ ct,

and ¢ > 0, denotes the traveling wave speed.

Applying the chain rule gives the following:

85_ , 828_ ”

ot cS (§)> o2 S (§)>

ol , 0?1 y

ot =cl'(§), 92 I"(€),
and OR O°R

E:CR(Q, W:R (&)

Substituting these expressions into the reaction-diffusion system (3.5) yields the following

system of ordinary differential equations:

r BSI
S = d, 8" — 2
¢ ! S+I+R
BSI
I =dy 0"+ 222 81 (3.6)
ol'=bI"+ o =5 = (r + o),
¢R' = dyR" + 1.

\

Following Wang et al. [9], the traveling waves are assumed to connect two equilibrium

states at spatial infinity. Therefore, the boundary conditions are written as follows:
S(—0) =5, I(—o0)=0, R(—o0) =0

and
S(+00) = Sty I(+00) =0, R(4+00) = Rywo-

3.3.5 Wave speed

One of the authors [32] showed that, traveling wave speeds can be obtained from the
eigenvalues of the parameterized Jacobian matrix of the system linearized at the initial
equilibrium point. As a result, the minimal wave speed is simply the minimum among
these eigenvalues.

Applying the method described in (1.10), we linearize the system around the initial

disease-free equilibrium (S_.,0,0) :
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0 —p
f(S 0e,0,0) =0 B=v—=6 0
0 g

For a traveling wave solution of the form e¢, we consider the matrix:

dy \? -0 0
Ay = 0 dN+p—-—y—0 0
0 0% d3\?

The eigenvalues of Ay are dq A%, deA? + 3 — v — &, and dsA2. The minimum wave

speed is obtained by minimizing the largest eigenvalue over A > 0:

3.3.6 Existence of traveling wave

It is well known that Ry = % > 1 is the basic reproduction number for the ordi-
nary differential system without diffusion [23, 24|, the wave speed satisfies ¢ > ¢* =
24/ds(8 — v — ¢) and the technical condition d3 < 2dy holds.

Linearizing the equation of infected individuals around the disease-free equilibrium

(S_,0,0) gives the characteristic function:

FO) = —doA> + X — (B —~ — b).

We denote by ¢ the smaller positive root of f(\) = 0:

— /2 —4dy(B—~v—0
Ao = ¢ \/C 28— ) > 0.
2dy

The condition d3 < 2d,, implies:
Cc — dg/\[) > 0,

this condition ensures that the recovered individuals do not diffuse too rapidly compared
to infected individuals. This condition is required for the construction of super-solutions
and sub-solutions.

Let aq, as, a3 be three sufficiently large positive constants. For i = 1,2, 3, we define the

second-order differential operator D; as follows:
D;h := —d;h" + ch’ + a;h, Vh € C*(R).
For each 4, the equation f;(\) := —d;\? + ¢\ + a; = 0 has two roots:
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+ Vv +4d;o; . _ _
)\zizc 02(; ai with A7 <0< =A;7 < Af.

We also set:

Pi = dz()\j_ — )\;) =\ c2 + 4dZOéz
The inverse operator D; ! is defined by the integral representation:
1
;) = [ XTIy [ ) dy (3.7)
Pi J -0
for h € C,,- ,+(R) with g~ > A7 and pt < A, where:

(D;th) = {h € C(R) : sup |h(x)e™ *| 4 sup |h(z)e ™ *| < oo} :

<0 >0
From the integral representation(3.7), and sing the Leibniz rule (1.11) we obtain the

following derivatives of D; 'h:

_ T + [ee)
;@) =2 [ eIy 2 [ eI ay

—\2 x +3\2 o]
(Di_lh)”(l’) _ ()\z ) / eki_(x—y)h(y) dy + ()\1 ) / e)j’(gc—y)h(y> dy . h((ix)
Pi —o0 Pi x i

We choose a; > 3, ag > v+ 6, and ag > 0 sufficiently large so that |\ | = =\ > Ag
for i = 1,2,3. Then we select pr > A\g such that < —\; for all i = 1,2, 3. Consequently:
Ao < < =N <A, i=1,2,3,

and

A< —p << A i=1,2,3.
We now define the Banach space:
B,(R,R") := \Cfu,u(]m XX Oy u(R),

Vv
n times

equipped with the norm:

lul, = max sup e “Hlelgy, (2), (3.8)
1<i<n per

where u = (uq,...,u,) € B,(R,R").
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Finally, we define the map F' = (Fy, Fy, F3) on B, (R,R?) as follows:

_ BS1
F (S, T = D;! -
1(57 >R> 1 [Oéls S+I—|—R:|’
_ BST
E (S, T = D! I+ —-- 1
(5,18 5= D7 oal + 5 — (401,

F5(S,I,R) := D;' [asR + ~I].

We now show that if (S,I,R) is a fixed point of F, then it satisfies the traveling wave
ODE system.

Lemma 3.3.1
Let (S,1,R) € B,(R,R?) be a fized point of the map F = (Fy, Fy, F3), then (S,I, R)
satisfies the traveling wave ODE system(3.6).

~—— Proof N
Since (S,I, R) is a fixed point of F, we have:

BSI

=F I = D7t - .
S 1(5’ >R) 1 S STI+R

Applying Dy to both sides and using the property Dl(Dl_lh) = h, we obtain:

BS1

DS =S — — 220
=S - e

By definition, D1S = —d1S" 4+ ¢S" + anS. Substituting this gives:

1" ! ST
—d15 —|—CS + OQS = (1/15 — S_i_ﬁfﬂ
BSI
[ N N
= S =hS TR

This is the first equation of (3.6). The second and third equations are obtained
similarly by applying Dy and D3 to the fized point equations for I and R, respectively.
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We now construct super and sub-solutions. For x € R, we define them as follows:

Si(@) 1= S_o;
S_(z) == max {S_(1 — Mye*),0};
I (z) == e
I_(z) := max {7 (1 — Me"),0} ;

i Aox
R = e
o) = a2

v Aoz €3
R_(z) :=max{ —————e™%"(1 — M3e“"),0 ¢,
(%) {c)\o—dg)\g ( 3) }

where My, My, M3, €1, €9, €3 are six positive constants.
The following lemma provides inequalities that will be used to prove the invariance of the

convex set I'

~—— Lemma 3.3.2 ~
Given sufficiently large My, My, M3 > 0 and sufficiently small €1,€5,¢5 > 0, the

following inequalities hold:
—BI, > —d;S" + ¢S forx < xp = —e; In M,

BS_1_

m — (’Y—F&)I, > —dyI" +clI” forx < xy:= —62_1 In Mo,

yI_ > —dsR" +cR_ forx < x3:= —egl In Ms.

Proof
The proof follows from direct substitution of the definitions of Sy, S_, 1., I R, R_
and the choice of sufficiently large M; and sufficiently small €;. see Wang et al.[9]

With the aid of the super and sub-solutions, we are now ready to define a convex set

I as follows:
I':={(S,I,R) € B,R,R*):5.<S5<8,, [_<I<I,, R_<R<R.}.

To prove the invariance of the convex set I' under the map F, we shall show that D; " is

indeed the inverse of D; and that it preserves the ordering of functions.
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~—— Lemma 3.3.3
Fori=1,2,3, we have:
D;Y(D;h) = h
for any h € C*(R) such that h,h', 1" € C\- .+ (R) with p= > A, and p™ < \f.
Let
g(r) := max{e*(1 — Me™),0}

for some M >0, € >0 and X such that \; <A< X+e <\ . Then

DY (Dyg) > g.

)

Here D;g is understood as a piecewise defined function:

filN)er — Mfi(A 4+ €)ePF97 < 2% = —e1In M,

(Dig)(x) =
0, x>a*:=—ellnM.

~—— Proof
The proof follows from integration by parts and the definitions of X and p;.

For the first part D;'(D;h) = h, we substitute the definition of D' into D;*(D;h)
and apply integration by parts. Using the fact that )& are the roots of fi(\) =
—d;N + e+ a; = 0 see Wang et al [9], we obtain:

/ N EVdh (y) + b (y) + ashl(y)]dy = —dil (x) + (=diA] + )h(x),
and similarly for the integral from x to oo. Adding both contributions and using
pi = d;(\F — X)) gives D; Y(D;h) = h.

For the second part Di_l(Dig) > g, we consider two cases. If x < x*, direct compu-

tation using the integral representation yields:

€

ex\ac*—l—)\;’(ac—x*) > 6)\55 . Me()\—l—e)x’
A=A -
i i

(D7 (Dig))(2) = [ — M9 +

)

If v > x*, we obtain:

_ € I ——
(D (Dig))(x) = o A > 0 = g(x).

% %

Thus, D; Y (D;g) > g holds for all z € R.
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We now prove that the convex set I' is invariant under the map F' = (Fy, Fy, F3).
defined in (3.3.6)

~— Lemma 3.3.4 \

The convex set

:{wjjaegﬂ&WyS*gSgstI*glgﬁyR*gRgRﬂ

satisfies
FI)cT
That is, for any
(S,I,R)eTl
we have:
S™ < F(S,I,R) < ST,
I" < FK(S,I,R)<I"
R™ < F3(S,I,R) < R*,
S J
~—— Proof ~

We prove the inequalities for each component separately.

Upper bound for Fi: Since S < Sy and = S+I+R > 0, we have:
BST
“S = g TR S M

Because S, is constant, D1 Sy = a1 S,. Applying Dy to both sides and using Lemma
(5.8.2) gives F1(S,I,R) < S,.

Lower bound for Fy:  Forx < x1, using the first inequality of Lemma (3.5.2) and
S > S_, we obtain:

BSI
StI+R~

Forxz >z, S_(x) =0 and oy > f3, so:

alS (1/15_ — ﬁl-l- > d15" + CSI -+ Oéls_ = DlS_

BSI
STI+R

Applying DT' and using Lemma (3.3.2) yields F\(S,I,R) > S_.

Oéls— Z (Oél—ﬁ)SZO:Dl»S,

Upper bound for Fy: Since I <1, S+I+R < BI, and ag > v+ 0, we have:
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BSIT
S+I1+R
Thus, F5(S,1,R) < I,.

Lower bound for Fy: For x < xy, using the second inequality of Lemma (5.53.2)

and the monotonicity of Sfi{R i S, we get:
BST
I+ ——F— ) > Dol _.
ol t g g o=,

Forx >z, I_(x) =0 and ag > v+ 9, so:

BSIT
I+ —— — 0)I>0=DyI_.
(6% +S+I+R (7+) >0 2

Hence, F5(S,1,R) > 1_.
Upper bound for F5: Using R< R, and I < 1., we obtain:

OégR + ")/[ S 043R+ + ’}/I+ - D3R+

Therefore, F5(S,1,R) < R,.

Lower bound for F3: For x < w3, using the third inequality of Lemma (3.5.2)
and R > R_, we have:
asR+~I > DsR_.

Forx > x5, R_(x) =0, so:
O[3R + ’}/] Z 0= D3R_.

Thus, F3(S,1,R) > R_. Combining all the inequalities, we conclude that F(I') C T.

To apply Schauder’s fixed point theorem (1.12.1), we must first show that F is

continuous and compact on I' with respect to the norm | - |, defined in (3.8).

Lemma 3.3.5

The map F' is continuous and compact on I' with respect to the norm |- |, defined in

(3.8).

93



CHAPTER 3. TRAVELLING WAVES OF THE DIFFUSIVE SIR MODEL

~—— Proof N

We prove continuity and compactness separately, see Wang et al. [9].

BSI
S+I+R

to S, I, R (each derivative is bounded by (). Since the operators D;* are linear

e Continuity: The function has bounded partial derivatives with respect
and continuous, the composition F; is continuous. More precisely, for any
(S1, 11, Ry), (52, Is, Ry) € T, there exists a constant C' > 0 such that:

|F;(Sh, 11, Ry) — Fi(S2, I3, Ro)| < C(|S1 — Saly + [ 11 — La]u + |R1 — Ral,) -

Hence F is Lipschitz continuous, and therefore continuous.

e Compactness: Let {(S,, I, R,)} be a sequence in I'. Since ' is uniformly
bounded with respect to |- |,, the sequences {F1(Sn, In, Rn)}, {F2(Sn, I, Rn)},
{F5(Sn, In, Ry,)} are uniformly bounded and equicontinuous on any compact in-
terval [—k, k]. By the Arzela—Ascoli theorem (1.13) and a standard diagonal
arqument, there exists a subsequence that converges uniformly on compact sets.
Moreover, using the norm | - |,, one can show that this subsequence converges

in B,(R,R?). Therefore, F is compact.
N y
Proposition 3.3.1 (|9]). The fized point (S,I,R) € ' obtained from Schauder’s fized

point theorem satisfies the following asymptotic properties:

e Asz — —oo (ahead of the wave):

S@) = S, (2) ~ 7, R(z) v 20
—00) ) C)\() _ dg)\%,
and S'(z), I'(z), R'(x), 8" (x), 1" (x), R"(x) — 0.
o As v — 400 (behind the wave):
/V(S—oo - Soo)
S Soo < S-oo, 1 0, R :
(@) - (@) >0, Rla) » 2

and S'(x),I'(z), R'(x), 8" (x), I"(z), R"(x) — 0.

e Monotonicity and bounds: S(x) is decreasing, R(x) is increasing, and 0 <
I(z) < S_o — Sx for all z € R.

e Integral relation:

- _ [ BS(@)(z) _
/_m<v+5>1(:c> da = /_OO S 1)+ R (S0 — Sno).
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~—— Theorem 3.3.2: Existence of traveling wave

Assume d; > 0 fori=1,2,3, >0, v >0, and 6 > 0. If the technical condition

ds < 2dy holds, then:

e Existence: For any S_o >0, Ry = % > 1, and ¢ > ¢* = 2,/ds( — v — 9),
there exists a traveling wave solution (S(x +ct), I(x+ct), R(xz +ct)) of system

(3.5) satisfying:

S(—0) =5, S(00) =S,
I(—o00) =0, I(c0) =0,

R(—o0) =0,  R(co) = ﬁ(s—w — 5.

Furthermore, S(x) is decreasing, R(x) is increasing, 0 < [(z) < S_o — S for

all z € R, and the following integral relations hold:

/_Z(v +0)I(z)dx = /_Z S(w)fﬁg(j)ﬁw dr = c(S_oo — So).

95



Conclusion

This thesis was devoted to the study of traveling wave solutions in diffusive SIR epidemic
models. We examined three distinct incidence forms: mass-action incidence, standard
incidence without recovered population (SI), and standard incidence with recovered pop-
ulation (SIR).

In Chapter 2, we presented the classical Kermack-McKendrick SIR model, first without
demography and then with demographic processes. Then in Chapter 3, we extended the
classical framework by incorporating diffusion terms to model the random movement of
individuals, and studied traveling wave solutions for three diffusive SIR models.

The main result of this thesis is the proof of existence of traveling wave solutions for the
diffusive SIR model with standard incidence. Using Schauder’s fixed point theorem and
the Arzela-Ascoli theorem, we showed that a traveling wave exists if and only if Ry > 1
and ¢ > c*.

Our results confirm that the basic reproduction number Ry plays a crucial role as a

threshold parameter.
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