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NOTATIONS

Set of natural numbers.

Set of real numbers.

Euclidean space of dimension n € N.

An element of R”.

Euclidean norm in R™.

Bounded domain of R™ with smooth boundary 0f2.
Norm in the Banach space X.

Space of measurable functions such that [, |u[Pdz < oo,
1<p<oo.

Space of continuous functions on ) vanishing at infinity.
Space of continuously differentiable functions on (2.

Fractional time derivative of order o € (0, 1) with parameter
n > 0.



Beta function.
Gamma function.

The fractional integral in the Riemann-Liouville sense of or-
der « to the right.

The fractional integral in the Riemann-Liouville sense of or-
der « to the left.

The left-sided in the generalized fractional integral.
The Caputo-Katugampola fractional derivative.

The fractional derivative in the Caputo sense of ordera to
the right.

The fractional derivative in the Caputo sense of ordera to
the left.

The Mittag-Leffler function.
Solution function.

Green’s function.



INTRODUCTION

Fractional calculus, a natural extension of classical calculus to non-integer orders, has emerged
as a powerful mathematical tool for modeling complex systems exhibiting memory effects, heredi-
tary properties, and long-range interactions. Unlike integer-order derivatives, fractional derivatives
capture the past history of a process, making them indispensable in fields such as viscoelasticity,
anomalous diffusion, signal processing, control theory, and biology.

Among the various fractional operators, the Caputo—Katugampola derivative stands out due
to its ability to generalize both the Caputo and Riemann-Liouville derivatives while incorporating
an additional parameter p > 0. This flexibility allows for a more accurate description of real-world
phenomena. However, the analysis of boundary value problems (BVPs) involving such generalized
operators remains a challenging area of research.

This thesis focuses on two classes of nonlinear fractional boundary value problems:

1. A two-point BVP involving the Caputo—-Katugampola fractional derivative of order 1 < o < 2:

¢Dg. p(7) = =2 (7, (1) £ Dy (7)), 6.<7 <,
w(0) = A1, p(d) = A,

where the nonlinear term = depends on both the unknown function and its fractional deriva-
tive.

2. A three-point BVP with Riemann-Liouville fractional derivative of order a € (1, 2):
D*u(t) = f(t,v(t), D"v(t)), te (0,T),
u(0) =0, u(T)=au), &§€(0,T),

where T ! + a1 £ 0.

The study of fractional differential equations has attracted considerable attention in recent
decades. Kilbas, Srivastava, and Trujillo [14] provided a comprehensive foundation for the theory
and applications of fractional calculus. The Caputo derivative, introduced by Caputo in the 1960s,
is widely used due to its ability to incorporate integer-order initial conditions.



Katugampola [9HI2] introduced a new family of fractional integrals and derivatives that unify
the Riemann-Liouville and Hadamard operators. The Caputo-Katugampola derivative, further
developed in [6, [7, 15], has been applied to various boundary value problems.

Existence and uniqueness results for fractional BVPs are often obtained using fixed-point the-
orems. The Banach contraction principle [2| [13] is frequently employed for uniqueness, while the
Leray—Schauder nonlinear alternative [8] and Schaefer’s theorem are used for existence results.
Green’s function techniques play a crucial role in converting fractional differential equations into
equivalent integral equations [1].

The main contributions of this work are:

e Derivation of the Green function for the Caputo-Katugampola BVP and establishment of
precise bounds for integral kernels.

e Proof of existence and uniqueness of solutions via the Banach contraction principle, with
numerical simulations validating the theoretical conditions.

e Construction of the Green function for a three-point Riemann—Liouville fractional BVP and
proof of existence of at least one nontrivial solution using the Leray—Schauder nonlinear
alternative.

e Presentation of illustrative examples and numerical tables showing the effect of fractional
parameters on the solution.

This thesis is structured as follows:

e Chapter 1 recalls essential definitions and lemmas from fractional calculus, including the
Gamma and Beta functions, the Mittag—Lefller function, Riemann—Liouville integrals, Caputo
derivatives, and the generalized Katugampola operators. Key fixed-point theorems (Banach
contraction, Leray—Schauder) and Hoélder’s inequality are also presented.

o Chapter 2 investigates the existence and uniqueness of solutions for a Caputo-Katugampola
fractional BVP with two-point boundary conditions. The Green function is derived, and the
Banach contraction principle is applied. Numerical examples for different fractional orders o
are provided.

e Chapter 3 studies the existence of nontrivial solutions for a three-point fractional BVP
involving the Riemann—Liouville derivative. The Leray—Schauder nonlinear alternative is
employed, and sufficient conditions are established. Several illustrative examples are given.

e Conclusion summarizes the main findings and suggests directions for future research.



CHAPTER 1
PRELIMINARIES

[LE|Notations

In the preliminaries, we establish the fundamental concepts of fractional calculus that form
the basis of our analysis. This includes recalling generalized fractional integrals and derivatives,
particularly the Caputo—Katugampola operator, which plays a central role in the boundary
value problems studied here. By presenting these definitions and essential properties, we provide
the mathematical framework necessary for the proofs and results developed in the subsequent
sections.

1.1 Special Functions

1.1.1 Gamma Function

Definition 1.1.1 ([14]) The Gamma function I'(z) is generally defined
by the following integral:
._l’_oo
T(z) = / et ldt,  R(z) > 0. (1.1)
0
This integral is convergent for any complex number z € C, provided that R(z) > 0.

Proposition 1.1.1 ([14]) One of the fundamental properties of the Gamma function is that
it satisfies the following functional equation:

[(z+1) =20(2). (1.2)
In particular:
I'n+1)=n!, VneN"-

Another important property of the Gamma function is that it has simple poles at the points
z=-n,for (n=0,1,2,...).
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1.1.2 Beta Function
Definition 1.1.2 ([14]) The Beta function is defined by Euler’s integral of the second kind

B(z,w) = /OltZ1(1 —t)“7tdt, RN(z) >0, R(w)>0. (1.4)

This integral converges for all z,w € C if R(z) > 0 and R(w) >0

Proposition 1.1.2 ([14]) The Beta function is related to the Gamma function by the following
relation:

I'(z)l'(w)
I'z+w)’

Hence, it follows that the Beta function is symmetric:

B(z,w) =B(w,2), R(z) >0, R(w)>0.

B(z,w) = R(z) >0, R(w)> 0. (1.5)

Proof. Let (z,w) € C%, with R(z) > 0 and R(w) > 0. Using Fubini’s theorem, we obtain

/ / 5= 1 7t P 1 e~ Tdtdr.

We perform the change of variable r =t + x

()0 (w) = /0 T { /t . t)“’lerdr} dt

:/ e " {/ t#H(r — t)w_ldt} dr.
0 0
o0 1
= / e*”/ (r—rs)* Lrs)* Irdsdr
0 0

00 1
/ e W 1 A 1 / (1 o S)w—lsz—lds dr
0

1
/ —r z—i—w ldT‘/ (l_s)w—lsz—lds
0
=T'(z+w)B(z,w).

We set t = rs and obtain

1.1.3 Mittag-Leffler Function
Definition 1.1.3 ([14]) The Mittag-Leffler function is defined by

+o0 k
z
Ea = 7 a0 (Ca ) 0.
8(2) ’;)F(ak‘—l—ﬁ) z € a, B >
For =1
Eo1(z) = Eq(z) = —, z€C, a>0.
= Dok +1)
And for =1,a =1 we have
Elyl(z) = e~.

The latter plays a very important role in the theory of integer-order differential equations.

11



1.2 Caputo Fractional Calculus

1.2.1 Caputo Fractional Derivative

Definition 1.2.1 ([3]) Leta >0, n—1<a <n,n=[a]+1 andu e C([0,1),R).The Caputo
derivative of fractional order a for the function u is defined by

1

cDY% _ ! — s n—oc—lu(n) s)ds
Dhult) = oy ) =9 (5)ds,

where I'(+) is the Gamma function.

1.2.2 Basic Lemmas for Caputo Derivative

Lemma 1.2.1 Let « >0, n — 1 < o < n and the function g : [0;T] — R be continuous for each
T > 0. Then, the general solution of the fractional differential equation *Dg(t) = 0 is given by

g(t)=co+cit+ ...+ Cn1t" L,
where ¢y, 1, ..., Cp—1 are real constants and n = [a] + 1.

Lemma 1.2.2 Assume that u € C[0,1] N LY(0,1) with a Caputo fractional derivative of order
a > 0 that belongs to u € C™|0, 1], then

I °D%u(t) = u(t) + co+ cit + ... + Cn1t" 1,

where ¢, €1, ..., cn—1 are real constants and n = [a] + 1.

1.3 Generalized Katugampola Operators

1.3.1 Generalized Fractional Integral

Definition 1.3.1 ([7]) The left-sided generalized fractional integral °I7, p of order
o € C(Re(o) > 0) is defined by

1—0o

€15 (7) = 47 [ e e ) (13)

where 7 >0, 0 > 0. According to the formula of the generalized fractional integrals (1.3)).

1.3.2 Generalized Caputo Non-Classical Derivative

Definition 1.3.2 ([7]) By using the above Caputo-Katugampola fractional derivative (1.5)), the
generalized Caputo non-classical derivative with the operator notation ¢Dg, is displayed by

n—1
D7) = (oD5: |u(r) = X X930~ 0)'| ) (). m = [Re(o) (1.4)
=0

12



1.3.3 Caputo—Katugampola fractional derivative

Definition 1.3.3 We define the Caputo-Katugampola fractional derivative for T > 0 by
n
(Dge) (7) = (7o) (°37m) (7)

o—n+1 _ n T _ n—l—o
= s ()" [ e = e ) (15)

1.3.4 Properties and Solutions

Lemma 1.3.1 ([15]) Leto, o> 0 and p € C(J,R)NCY(J,R). The Caputo-Katugampola fractional
derivative differential equation
¢Dg+p(r) = 0,

has a solution.

2 n—1
u(T) = po +p1 <79E69> + P2 (ngeg) + o+ P (ngeg> )
where p; € R, i=0,1,2,...,n—1 and n = [o] + 1.

2. If p, ¢Dg.p € C(J,R)NC(J,R). Then

2 n—1
2152 Dy pu(1) = p(7) + po + p1 <ng99> + P2 <ng99> ot P (Tgeeg) ’ (1.6)

where p; € R, i=0,1,2,...,n—1 and n=[o] + 1.

1.4 Riemann-Liouville Fractional

1.4.1 Riemann-Liouville fractional integral

Definition 1.4.1 ([3]) The Riemann-Liouville fractional integral of order o > 0 of a function
u: (0,00) — R is given by

I°u(t) = 1“(1a) /Ot(t —5)* lu(s)ds, t>0,

where T'(+) is the Gamma function, provided that the right side is pointwise defined on (0, 00).

1.4.2 Riemann-Liouville fractional derivative

Definition 1.4.2 ([3]) Let a > 0 and let n = [a] be the smallest integer greater than or equal

to a (i.e., n—1 < a <n). The Riemann-Liouville fractional derivative of order « of a function
u: (0,00) — R is defined by

dn
Du(t) = — (1" “u(t
u(t) = = (I"Pu(v)
or equivalently,
1 ar ot
Du(t) = ——— [ (t—s)" 1L ds, t
ut) = for gy T ) ds >0,

where T'(+) is the Gamma function, provided that the right-hand side is pointwise defined on (0, 00).

13



Lemma 1.4.1 ([15]) Let o, >0 and u € LP(0,1), 1 < p < 4o00. Then the next formulas hold.
(i) (IPT*u)(t) = I°*Pu(t),
(i1) (DPI°w)(t) = I°~u(),
(ti3) (D*I%u)(t) = u(t).

Lemma 1.4.2 For a > 0, the general solution of the fractional differential equation D®u(t) = 0
with u € C[0,1] N L'(0,1) is given by

u(t) = et P et E 4 4 et
where ¢; € R, i=1,2,....,n. Hence for u € C[0,1] N L*(0,1), we have

ID%u(t) = u(t) + et L+ et® 2 4 4 e t@™

1.5 Functional Analysis Theorems

1.5.1 Operator Completely Continuous

Theorem 1.5.1 Let f : X — X be completely continuous. Then either there exists for each
A € [0,1] at least one x € X such that x = Af(x), or the fized point set

{reX :z=Af(2),0 <A< 1}

1s unbounded in X.

1.5.2 Banach Contraction Principle

Definition 1.5.1 [2] A mapping T : (X,d) — (X, d) is called a Banach contraction if there exists
a € (0,1) such that
d(Tz,Ty) < ad(z,y), Vr,ye X.
1.5.3 Nonlinear Alternative of Leray-Schauder
Theorem 1.5.2 ([8]) Let E be a Banach space and 2 be a bounded open subset of E, 0 € Q.

F :Q — E be a completely continuous operator. Then, either
(i) there exists u € 02 and A > 1 such that F(u) = A\u, or
(i1) there exists a fized point u* € Q of F.

1.5.4 Kelley’s Theorems for Second-Order BVPs

Theorem 1.5.3 ([6,[13]) Presume = : [0,9] x R? — R is a continuous function and satisfies
a uniform Lipschitz condition with respect to p and p'

B () =2 (rv) | <= v] =), (1.7)
for (7, u, 1), (1,v,0") € [0,9] x R, where ¢ >0 and n > 0 are reals. If
(9-0)? (9-0)

CT +UT < 1. (1.8)

14



Then the boundary value problem

"

p'==E (), w0 =, p(9) =, (1.9)
admits a unique solution.

Theorem 1.5.4 ([, [13]) Presume = : [0,9] x R — R is a continuous function and satisfies
a uniform Lipschitz condition with respect to

E(rm -S| <n-v, (1.10)
for (1,p), (1,v) € [0,9] x R, where { > 0 is real. If
0% o, (1.11)
Then the boundary value problem
p'==2(ru), ) =X\, p©) =D, (1.12)
admits a unique solution.

Theorem 1.5.5 (Hélder and Minkowski Inequalities) Let p and q be two conjugate expo-
nents (I% + % =1) with1 <p<oo. Let f,g € R([a,b]). Then we have the following inequalities:

(i) (Holder’s Inequality)

b b 1/p b
[ 1stoae < ( [ rras) ([ o)

(ii) (Minkowski’s Inequality)

([ 1)+ ot \pdx) < ([ 1) /p+</ab|g<x>\pdx)

1/q

1/p

Definition 1.5.2 (Green’s Function) Let L be a linear differential operator of order n on [a,b]
with homogeneous boundary conditions. A function G(t,s) is called the Green’s function if for
every continuous f, the unique solution of

Llu]®) = f(t),  te(ab),

satisfying the boundary conditions is given by

= /abG(t,s) f(s)ds

Moreover, G(t,s) satisfies:
e LIG(,9)](H) =0 fort # 5,

o G(t,s) and its first n — 2 derivatives are continuous int att = s,

o The (n — 1)-th derivative has a jump of att = s,

1
an(s)

o G(t,s) satisfies the homogeneous boundary conditions in t.

15



CHAPTER 2

EXISTENCE AND UNIQUENESS OF
SOLUTION FOR
CAPUTO-KATUGAMPOLA BOUNDARY
VALUE PROBLEMS

2.1 Introduction

In this chapter, we achieve the existence of a unique solution to the BVP of the Caputo-Katugampola
fractional derivative order

¢Dg. p(r) = —Z (r, p(7),£ Dyupp(r)), 0 <7<,
H(Q) = A1, :u(ﬁ) = Az,

where 1 < 0 <2, 0<¢ < 1. Previous studies investigated the existence of solutions for boundary
value problems involving the Caputo—Katugampola fractional derivative (see, [5]) and the references
mentioned in its content). Under previous research, the simulation of our problem produces new
results by applying Theorem [1.5.4).

(2.1)

2.2 Green Function and Integral Equation Formula

In this section, we present the main propositions and theorems used throughout this chapter on
which all this work is based. We give the integral formula for the generalized fractional BVP (2.1)
from the principle of the Green function.

Lemma 2.2.1 Presume that Z is a function is continuous and either a function pu € C[0,9] is a
solution of (2.1) equivalent that p check the integral equation

u(r) = [0 = A0 520 4]+ [ 8o, 2 (). D) ar, (22

16



where for r,T € [6,9],
1—0o (199799) =

b et (e — o), r<r.

h(r,r) =%

{ ({20 pe=l(ge — peyo—l _pe=l(ze _po)o=l < g
(o)

Proof 2.2.1 By the Lemma(l.3.1)),we solve this problem
eDgp(r) = —q(7).

According to (1.3.1]) we obtain

070 OO o070 (TQ_QQ)
I7: 2Dgp(r) = =215 q(T) + po + p1

70 _ 9o
u(r) = 0I5, q(7) + po + p1 )

wr) =~ 15 /9 re (7 = ) g(r)dr + po + 1 U5,
by using boundary conditions
() = A\ = po = A1,

9
_ 2—o _ o—
H(8) = Do = p1 = 4808 + iy [ e 07 =) )

By replacing in u(t), we get

1—0o

p(r) = ~47 [ e = g ar

2

9
+ lo(A2 — A1) + %/@ re=t(9e — ?"Q)U_lq(r)dr] % + A1,
and
p(r) = =8 [ vt = ) ) dr + it
/(;9 re 92 — 1) g(r) dr 4+ (A — )\1)% + A1
Therefore,

u(r) = [ = A1) Gomge} + M|

+ 557 / (Grmgmyre e —re) ™ =7 (r0 = 19)7 ) g(r)dr
0

9
1—0o Tro_ _ o—
+ %(U) / Eﬁil?i%ﬂ Lwe —rey=Lg(r) dr,

Thus, the proof is complete.

(2.3)

17



2.3 Existence and Uniqueness of the Solution

Immediately, we will present the important salient rules that will make it easier for us to achieve

your desired objectives.

Proposition 2.3.1 Depending on the Green function, h is given in Lemma |2.2.1]. Therefore

¢
[ ) dr < g (92 - 097 (70 = 09) — (2 - 09°].
and

0
olh(r,r o— — o— —
/9 7|hé7_ ) gy < 7@0_15((7“) [(199 - 69 lre—1 _ o(t?—0°9) Lre 1} .

Proof 2.3.1 We determine
6

/ \h(r,7)|dr,  R(r,r)>0. VO<7,r<9.
9

Therefore

/ |A(T,r)|dr = U; {/ (E;;Z zz% o= 1(19 —7“9)‘7_1—7“9_1(7'9—7““-’)‘7_1> dr

o (o) .

We calculate the primitives by integration by a change of variable
Cl 1— e g
o o (79_99) yeo ge 14
| miar = 665 [ o (1= 5)" - (1= )]

L-8)) e (- 5)]
T2—0°) 9o [(99—62)7  (92—79)7

(re—09)° (19—09) Yeo (9e—72)°
Teo ) + (9e—02) oo Ve° }

= ¢ |

|
<‘;

T )

Then,

Y
/0 ()] dr = gk [(02 = 027 (v — 69) — (2 — 02)7].

This implies that

9
/0 8|hé77‘_,7‘)| dr = = 1 & [(7_99 _ 0@)0—17_@—1 o O'(TQ o 99)0—17_@—1} ’

o ToT
which ends the proof.
Corollary 2.3.1 We can define the continuous functions & and &' by
E(r) = (99 =097 H(r¢ = 0°) — (1 = 09)7, T [0,
and

g(r) = (92 — 09)(’_179_1 —o(rt?— 0‘9)“_17'9_1, T €16,9].

18
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Proposition 2.3.2 By (2.12)) and (2.13), suppose that 6 =0, 6 < ¥ then

1 -
ogo—1 go—1

9
/0|h(7a7")|d7"§ er(la+1) ; ! ]

and

o—1 oo—1

0 -
O|h(r,r 1 o—1 —1 (o—1) o—1 -1 (o—1)
/0 ‘ éT . dr < 0~ 1I'(0+1) [19(9 ) (o(gcrfl)) “h 0-(19)9 (a(zafl)> o

Proof 2.3.2 According to Proposition[2.3.1and the Corollary , we have

[ el < g (6

9
o|\h(r,r
/9 ‘h(gT E dr < Q(’_II}(U+1) (5,(7—))

We differentiating the functions &, &'
€(r) = (97 o(re™) — o) gr7e!
€'(r) = (o~ 192 Vr02 — 5 (oo — 1)77 7
We are looking for the critical points
¢(r)=0
o(r (9 ) ~ o(r0) 1) = 0
(W —g(r9)° =0

T =

o-lg(afl)
and
§"(r) =
(0 — 1)199(‘771)7'972 — 000 —1)7772 =0
1
* o—1 o(c—1)
=Y (0(90—1)) ’ :

Moreover,

. o _ o—lo(o—1) o _1 \eo—1lo(o—1)
() = p (19@ ! (a(gain) — () (U(go—l)) ) ’

That finishes the proof.

|

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Theorem 2.3.1 Assume Z : [0,9] x R? — R is a function is continuous and check a condition of
uniform Lipschitz concerning the second variable on [0,9] x R? with Lipschitz real ¢, thus,

2 (v, 1o ) = By, )| < = v] + ! = v, (2.16)

for (1, u, 1", (1,v,0') € [0,9] x R, where n >0, ¢ > 0 are constants. If

o—1
4 9o g9ec n oo—1 o—1 o(o—T)
o T(o+]) Lgil 00"1] RN CEaY [19 (g@o,l))
1 oo—1
_ oo—1 o— o(o—1)
o) (751y) <1 (2.17)

Then the BVP :

{ D3 plr) = =Z (r, (1) £ Dn(r)) 0 <7 <, (218)

p(0) =X,  p(d) =X,

admits a single solution.

Proof 2.3.3 Suppose 11 is a space of Banach fitted with continuous applications defined on [0, V]
with the norm

lull = max {<lum)] +nlw ()] }-

According to Lemma we have p € C[0,9] is a solution of (2.18]) equivalent to this is the same

as the solving an equation in integral form

9
u(r) = [he = M) (5)° + M) + / h(r,r) Z (v, u(r),¢ Dy pu(r)) dr. (2.19)

Define the operator X : 11 — II by

9
Su(r) = [ — A1) (5) + M) + /0 (7, r) = (v, u(r).€ Dy p(r)) dr (2.20)

for T € [0,9]. We should interpret that the application ¥ admits a single fized point. Assume
w,v € Il. Therefore

([su(r) = ()| < [ " (1)1 [E (v 1) Dy () — (). D) |
< " e, (€)= ()] + 0l (7) — V()

27— 2 [,

oco—1 go—1

9
<¢ [ It nldru = vl < g
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for T € 10,9, and similarly,

v,
n|(Sw)(r) = (Sv)'(7)] < /0 e = (1, (), € Dyes(r)) = 2 (r,0(r),8 Dv(r)) | dr
9
< |G ) = ()l (7) = V(7)) dr
v, o—1
h(T,r o— — o(o—1)
Sn/o %dr\\u v|| < m [79@ 1 (U(Zo—in) Caa)
P oo—1 [ o-1 QL()Z 1) _ 0.9
o) (751y) lu=vll, 709l
Hence, |Xp — Xv|| < w||p — v, where
o—1
_ ¢ 9o geo n o—1( o=1 \elo—D
@ T+ 02T ao"l] t e [199 (0(90_1)>g

<1

o(po—1)

_0(19)90—1( o—1 )%

Whether we have martyred Proposition . According to , we extrapolate that ¥ is a
contracting operator on 11, so, by the theorem of contraction mapping of Banach, we culminate in
the possible outcome. This means that we conclude that ¥ accepts a single fixed point in C[0, 9],
which requires that the BVP (2.18) admits a single solution.

Remark 2.3.1 We analyze this when taking o =2, ¢ =1, 0 = 0 and o = 1 in Theorem [2.5.1
through condition (2.17), we obviously find Theorem such that

o—1 go—1
¢ 9eo 9eo n -1 o—1 o(c—1) -1 o—1 (e—1)
0°T(c+1) [afmclafl - 31] + 01 (0+1) |f990 (U(QU—l)) ’ _0(19)90 (a(ga—l)) ’ ]

oo

_ 92 s
=Car T < L
Proposition 2.3.3 ([5]) By (2.12) and (2.13), suppose that § =0, ¥ =1 then

! (2.21)

1
/|h7'7“|d7"< Fa+1) —aa/(an},

1
go(o—1)

and

18\h(7,r)|d < 1 o—1 \(e=D/ele-1) o-1 \oteD
A < ot | (st ~o(55) 7| (222)

Theorem 2.3.2 ([5]) Assume Z :[0,1] x R? — R is a continuous function and check a condition
of uniform Lipschitz concerning the second variable on [0,1] x R? with Lipschitz real , thus,

2 (rp ) =2 (r,v, ) ‘ <|p—v|+nlp =1, (2.23)
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for (1, u, 1), (1,v,V') €[0,1] x R, where n > 0, ¢ > 0 are constants. If

o—1 oo—1
< —1_\e(e-D —1_\el=D
(aetn) 7 —o (stn)” 1 <1 (2.24)

0°I'(o+1)

1 U} + gdflg(ajtl)

Then the BVP
¢Dg. p(r) = —2 (1, (1) £ Dy (7)), 0 <7 <1,

(2.25)
w(0) = A1, p(l) = A,

has a unique solution.

Proof 2.3.4 Using the same method to prove Proposition[2.3.3 and Theorem[2.3.9 which are used
in Theorem[2.3.1] and Proposition[2.3.3.

Remark 2.3.2 The same remark we notice that wheno =2,¢=1,0=0,9=1andpop=1
in Theorem[2.3.9, through condition (2.24), we obviously find Theorem such that

o—1 poo—1
11 n o—1 \oele-D) _ o—1 \ol(e—-D)
gﬁ 0'0'0-1:| T 07T (o+1) [(0(90—1)) g (U(ga—l)) ]
_ 1 1
- C4F(3)7 + 7]@ < 1.
Proposition 2.3.4 ([5]) By (2.12) and (2.13), suppose that 0 < ¥ then

9
9e_pgeye 9e_peyo
/0 ‘h(TyT’)‘dT < QO'F(];T_A'_l) ( T ) _( s ) :| y (226)

ogo—1 go—1

and

o—1 oo—1

¥
o|h(T, o— —1 o(c—1) o — —1 (o—1)
/0 |LéT7“)| dr < 90711}(U+1) l(ﬁ _ 9)(9 1) (U(ga_l)) n o(9 — 6)° 1 (U(Zd—l)) o(o—1

(2.27)

Theorem 2.3.3 ([5]) Assume= : [0,9]xR? — R is a function is continuous and check a condition
of uniform Lipschitz concerning the second variable on [0,9] x R? with Lipschitz real ¢, thus,

E(r i) —E(r,m,0) \ <Clp—v|+nlp -V, (2.28)

for (1, u, 1), (1,v,V) € [0,9] x R, where n >0, ( > 0 are constants. If

(92—62) (92—62) ( 1) 1 (Qil)
_ o _ o o— — o(oc—1
T | i g ]*ev—lr”(om 0 =0 (i)
poo—1
—ol0 -0 (k) | < 1 (2.20)

Then the BVP
2D p(7) = —E (7. () & Dyp(r)) . 0 <7 <1,

(2.30)
w8 =M, () = e,

has a unique solution.
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Proof 2.3.5 Using the same method to prove Proposition[2.3.4) and Theorem[2.3.3 which are used
in Proposition and also applies to Theorem [2.3.1].

Remark 2.3.3 Same previous notes. We notice them in the general case. We apply them when

o=2,0<9andg=1 on Theorem[2.3.3, through condition (2.29)), we obviously find Theorem|1.5.]

such that

¢ [we—peyr  (we—p0) (00—1) Y
— o _ — o n _ o— o— o(o—1
T | gt ]*eo—lr(m) -0 (5ty)
poo—1
o—1 —1 o= | _ ~(9-0)? 9—0
—o (9 = 0) " (k)" } = (i +'Fay < L

Proposition 2.3.5 ([5]) By (2.12) and (2.13), suppose that § < 9 =1 then

)
1 [azer oy
/0 ’h(T, T)’ dr < °T(o+1) o—ﬁ - Uﬁ :| 5 (231)
and
v OlA(r,r)]| dr < 1 _(1 _ 9)(@0’—1) ( o—1 )957;*11) _ 0.(1 _ 9)@0’—1 ( o—1 )Q%Z:}) (2 32)
0 or = 0°~ 1 (0+1) o(po—1) o(oo—1) : :

¥ i o—1 gdfl_

O|h(r,r)]| 1 o—1 —1_\ele-D o—1 -1 \ele—D
2 ar < iy | (= )0 (k) T oL () (2:38)

Theorem 2.3.4 ([5]) Assume = : [0,1] x R? — R is a continuous function and check a condition
of uniform Lipschitz concerning the second variable on [0,1] x R? with Lipschitz real , thus,

E(r,up) —E (1,1, V) ‘ < Clp— v+l =, (2.34)
for (1, u, 1), (1,v,V') € [0,1] x R2, where n >0, ¢ > 0 are constants. If
o—1
¢ (1-69)  (1-69)° n _ p\(go—1) o—1 (o—1)
(D) [ I orh ] + e |- 0 (7 hy)°
1 po—1
o—1 o— o(o—1)
Then the BVP
¢DG(r) = ~E (r, (7). Dyep(r)) . 0 <7 <1, 2.36)

w(l) = A1, p(l) = A,

has a unique solution.

Proof 2.3.6 Using the same method to prove Proposition|2.5.5 and Theorem |2.3.4] which are used

in Proposition [2.3.4 and also applies to Theorem [2.5.1].
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Remark 2.3.4 Same previous notes. We notice them in the general case. We apply them when

=2,60<9=1and o =1 on Theorem through condition (2.35)), we obviously find
Theorem such that

o—1
¢ [a-er ooy o)) (ool 75D
T [ =S ]* e (1= 0 (7))
oo—1
o— —1 (07
_0-(1 _ 0)9 1 (J(ga_l)) o 1) — C 41" ) _|_77(F(3)) < 1

2.4 Simulation and Examples

To prove the desired results above, we take some applications.
Example 2.4.1 FExtrapolate the following application of BVP
{ LDZ. u(r) = 7— 70 — sin(u(r)) =L DY, cos(u(r)), 0< 7 <,
1(0) =2, p(v) =3.

Set, po=1, 0 ={1.5,1.65,1.8,1.95}, ¢ =1, 0 =0 and

(2.37)

= (r, w(r).£ Do p(r)) = 7° = T+ sin(u(r)) +¢ Dis cos(pu(7)):

Here,

’E (1, ) = E (1y0,0)

= ‘7’5 — 7+ sin(u) + cos(p') — (75 — 7+sin(v) + COS(’/))‘

< ‘sin(,u) - sin(l/)‘ + ’COS(,U,/) — cos(V)

I Ay
<|p—v|+ ’—QSln%sm%

< Clp—v|+nlp =,

for (1, p, 1), (1,v,V") € [0,9] x R2, wheren=1>0, ( =2 > 0. Moreover, we have

o - (e—1)/o(o—1)
e e o—1
w= QGF(CO'-‘,-l) [01/(0—1) B gff/(ff—l)} + 07~ lI“( +1) 19(9 ) (U(ga 1))
0.9751, o = 1.50,
1 \(eo—1)/e(o-1) 0.9188, o =1.65
—o(9)(eo—1) (_e=1 ] ~ ; L
o) (“(‘-’”‘1)) 0.8508, o = 1.80,

0.7758, o =1.95,

The curves drawn in Figure [2.1] show how the w changes for different derivative orders o. The
important point is that all of them are less than the line y = 1 in the interval [0,9], and as the
order of the derivative approaches the number one, the parameter w decreases, but they are still
less than one. These results are shown in Table@ By the applications of Theorem[2.3.1], and the
condition is agreed. Then the BVP accepts a unique solution.
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Tableau 2.1: Numerical results @ in Example for four values of o.

T w
c0=15 0=165 0=180 o0=195

0.00 0.0000  0.0000 0.0000 0.0000
0.05 0.1707  0.0978 0.0555 0.0311
0.10 0.2449 0.1562 0.0986 0.0616
0.15 0.3043 0.2069 0.1391 0.0926
0.20 0.3564  0.2538 0.1786 0.1244
0.25 0.4040  0.2984 0.2177 0.1571
0.30 0.4487  0.3415 0.2568 0.1909
0.35 0.4912 0.3837 0.2960 0.2256
0.40 0.5322 0.4253 0.3355 0.2614
0.45 0.5719 0.4664 0.3753 0.2983
0.50 0.6107  0.5073 0.4156 0.3362
0.55 0.6488 0.5481 0.4564 0.3753
0.60 0.6863 0.5888 0.4978 0.4154
0.65 0.7233 0.6295 0.5397 0.4566
0.70 0.7599 0.6703 0.5822 0.4989
0.75 0.7962 0.7112 0.6254 0.5423
0.80 0.8323 0.7523 0.6691 0.5868
0.85 0.8682 0.7936 0.7136 0.6324
0.90 0.9040  0.8351 0.7586 0.6791
0.95 0.9396 0.8768 0.8044 0.7269
1.00 0.9751 0.9188 0.8508 0.7758




Figure 2.1: Representation of w for BVP (2.37) in Example for four case o.

Example 2.4.2 FEaxtrapolate the following application of BVP

IDg pu(r) =2— 734 Jcos(u(r)) =L Dy sin(u(r)), 0<7<9
p(0) =5, p(l)=6.

= (7. 1(r).£ Dyup(r)) = 7% = 2 = L eos(u(r)) +1 Db sin (7))
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Here,

E(Taﬂaﬂl) - E’(T7 v, V/)
= ‘73 —2— Zcos(p) +sin (1) — (7-3 —2— Zcos(v) + sin (y')) ‘

%‘ cos(v) — cos(p)

IN

+ ‘ sin (i) — sin (/)

1] s VU s V— r_
2‘ 28in == sin == ‘+|/L V]

IN

v—

< Jsin 52|+ |0 = V| < Clp— v+l = V),

for (1, u, 1), (1,v,0") €[0,1] x R%, wheren=12>0, ¢ =1> 0. Moreover, we have

= Tt : 1 1\ (e=D)/elo-1)
¥ ey [01/(0_1) B ‘TU/("_I)} + .9"*1117(04-1) (J(ga—l))
( /e(o—1) 0.9285, o= %’
-1 90'71 0 o—1 N 3
—0 <U(ZU—1)) :| ~ 03989, o =3, < 1.
0.7481, o= %7

In the last row of data in Table[2.3, the values of parameter w, at point 9, for three different values
of derivative order o are shown. The curves of all three cases are presented in Figure 2.3, which
are decreasing as the order of the derivative increases and in all cases are less than the y = 1 line.

By the applications of Theorem and the condition (2.24)) is agreed. Then the BVP (2.38)

accepts a unique solution.
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Tableau 2.2: Numerical results @ in Example for three values of o.

T )

o=% o=3 o=1I
0.00 0.0000 0.0000 0.0000
0.05 0.3110 0.1695 0.0664
0.10 0.3940 0.2414 0.1128
0.15 0.4533 0.2978 0.1544
0.20 0.5015 0.3464 0.1935
0.25 0.5430 0.3901 0.2310
0.30 0.5800 0.4303 0.2674
0.35 0.6137 0.4681 0.3030
0.40 0.6449 0.5040 0.3381
0.45 0.6742 0.5383 0.3728
0.50 0.7018 0.5713 0.4073
0.55 0.7281 0.6033 0.4415
0.60 0.7532 0.6345 0.4756
0.65 0.7774 0.6649 0.5095
0.70 0.8008 0.6946 0.5435
0.75 0.8234 0.7239 0.5775
0.80 0.8455 0.7526 0.6114
0.85 0.8669 0.7809 0.6455
0.90 0.8879 0.8088 0.6796
0.95 0.9084 0.8364 0.7138
1.00 0.9285 0.8637 0.7481




OIA 1 1 1 1 1 1 1 1 1
L g

0 01 02 03 04 05 06 07 08 09 1
T

Figure 2.2: Representation of w for BVP (2.38)) in Example for three case o.
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CHAPTER 3

EXISTENCE OF SOLUTIONS FOR
NONLINEAR RIEMANN-LIOUVILLE
FRACTIONAL DIFFERENTIAL
EQUATIONS

3.1 Introduction

In this chapter, we study the existence of nontrivial solution for the fractional differential equation
of order a with three-point boundary conditions having the following form

Du(t) = f(t,v(t), D"v(t)), te€(0,T)
{ uw(0) =0, w(T) = au(f), (3.1)

where 1 < a < 2, v,a >0, £ € (0,T), T* ! +at* ! #£ 0. D is the standard Riemann-Liouville
fractional derivative operator and f € C([0,1] x R% R). Applying the Leray-Schauder nonlinear

alternative, we prove the existence of at least one solution. As an application, we have also given
some examples to illustrate the results obtained.

3.2 Green Function Of The Fractional Differential Equation

This section presents a lemma that will be used to determine the problem’s Green function, thus
making the analysis of problem more tractable.

Lemma 8.2.1 Lety € C([0,T]), T* ! +aé* 1 #0. Then FDE
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has a unique solution

1t T —s))* !
u(t) = F(a)/o [(t — ) = (¥£_1 — C)Li“a—l)] y(s)ds

T
(Tafl _ algal)r(a) /t (T - s))o‘_ly(s)ds

a

f —
g Jy (6 ) o

Proof 3.2.1 ([1])The general solution of FDE is

u(t) = I%y(t) + et + czto‘_2, where c1,c3 € R.

Using the boundary conditions, we find that co = 0 and

_ 1 T y(s)ds . 3 y(s)ds
AT T (T g ) l/o (T - s)~1T(a) /o<s—s>a—1r<a>]

Substituting c1 and cg by their values in u(t), we obtain the solution in the statement of the lemma.
This completes the proof.
Define the integral operator F': E — E, by

— 3 a—1
Fult) = s [ [(t S )2)] (5. v(s), D¥u(s)ds

1 r a— v
T aE Ty ), (T ) (s, (s), D ()

b [ 6~ 5 s, 0(s), D u(s))ds
(T €= 0] J V(e

By Lemma the FDE has a solution if and only if the operator F' has a fized point in E.
So we only need to seek a fized point of F' in E. By the Ascoli-Arzela theorem, we can prove that
F is a completely continuous operator. According to this, we cited the Leray-Schauder nonlinear
alternative 77.

3.3 Existence Of Nontrivial Solution

In this section, we prove the existence of a nontrivial solution for the FDE (3.1). Let E = C([0,T])
with the norm [|v|| = maxyeo 7y{|v(t)],|D*v(t)[} for any v € E, f € C([0,T] x R* R).

Theorem 3.3.1 Suppose that f(t,0,0) # 0, T + a&® ! #£ 0, and there exist nonnegative func-
tions k, h,l € L'[0,T) such that

F(tz,y)] < kOla] + ROl +1(8),  ace. (tay) € [0,T] x R,

2Ta—1 +a§a—1 T o
(Te=1 + ago1)I(w) /0 (T —s) 1(k(5) + h(s))ds
aTa—l & o
g gy y € 9 (k) + hl)ds < 1.

Then the FDE has at least one nontrivial solution u* € C([0,T1).
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Proof 3.3.1 Let

27! 4 ag™ !

A T a—1
= a9 () i)

a a—1 £
b e (€= 9 )+ (s

o1 4 ggo-1 T -
v (Ta—1+a€o‘a_§l)l“(a)/o (T = )" 1i(s)ds

aT* 1 3 a—
T T ae (o) /0 (€= o) Us)ds.

Then A < 1. Since f(t,0,0) # 0, there exists an interval [a,b] C [0, 1] such that min,<,<p | f(¢,0,0)| >
0. And as l(t) > |f(¢,0,0)|, a.e. t € [0,T], we know that B > 0.

Let C = B(1 — A)~! and Q = {(u,v) € E?: ||(u,v)| g2 < C}. Assume that u € 0Q and X > 1
such that F'u = \u, then
AC = AMull = |[Full = max |(Fu)(t)]
(HT — )"

(t—s)" = (To—1 — qgo—1)

|f(s,0(s), D"v(s))|ds

1 t
< —
~ I tgf%/o
1

T
T |Ta1—asalrr<a>/t (H(T — 5)° | £(s,v(s), D"v(s))|ds

a

ét a—1 DV d
" ietouy rTal—asa1|r<a>/o((5‘S>> [F(s,0(s), D(s))|ds

L ac1, (T(T —s))>t y
= F(Oé)/o [(T =) 1+ (To—1 + afa—l)] |f(s,v(s), D"v(s))|ds

ToT+ 0§ (a)

(2To¢—1+a§a—1)

= T T+ ae (a
a a—1 £

gt b (€= 97 Es)] B |D 0] + 1))

- (2Ta71+a£a71)

= @+ e e

¢ a—1 v
- /0 (T(& = )" f(5,0(s), D"v(s))|ds

T
] /0 (T = 5)* 7 (k(s)[v(s)| + h(s)|Dv(s)| + U(s))ds

_l’_

| /OT(T — 5)* 7L (k(s) + h(s))|lv|ds

aTafl £ o
T ag ey )y € 97 () h(s)) s

[ (QTafl_‘_aé-afl)
(

g a—1
To—1 4 a{"‘—l)l“(a) /0 (T - 5) Z(S)ds
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aTa_l ¢ a—1
+ (Ta—l + agoz—l)l“(oz) /0 (5 B S) Z(S)ds‘|
= Allv|| + B.
Therefore,
B B
< —_— = —_— Y = — = 1.
)\_A—i-C A+B(1—A)_1 A+(1-A)=1

This contradicts A > 1. By Lemma , F has a fized point u* € Q. In view of f(t,0,0) # 0

the FDE has a nontrivial solution u* € E.

Now, we prove that the operator F is completely continuous, we have Bo = {v € E : ||v|| < C}
is a bounded closed convex set of E. We shall prove that F(Bc¢) is relatively compact. The proof

will be done is some steps.

(i) Let v € B, we have
[Fu(®)] < Aol + B.

Consequently F(B¢) is uniformly bounded.

(ii) Let us prove that F(B¢) is equicontinuous. Let t1,to € [0,T],t; < to,v € Bo. We have

Fu(tl) — Fu(tg)

‘F(a

1

t — s a—1
A (LA PR

- / LT = ) (5, 0(s), Do(s))ds

(Te=t —agoHI(a) Ju

a

T T —aga D) Jo

T

3
| (b6 = )" (s 0s). Du(s))ds

Lok a1 _ (0T —s))*"
i [ -

I'(«)

1
(Tt —ag*HI(a) Ji,

—+

a

(Te~ T —age= N (o)

3
| (tale = )" (s 05). Du(s))ds

-1

] f(s,v(s), D v(s))ds

/T(tQ(T — )™ f(s,0(s), D"v(s))ds

B ’1/t1 [(tl — )l = (t1(T — 5))
0

] f(s,v(s), D"v(s))ds

] f(s,v(s), D"v(s))ds

ey (Te=T—agaT)
1 T a—1 v
T ag ey ), (BT~ ) (s, 0(s), D o))
e wt (T =)
_F(a)/o [(t2 — )" - (Te—T — gga—T)
. 1
T T~ age1)1(a) s

/ Y ta(T — $))9-Lf(s, v(s), D"0(s))ds
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R
(Ta—l _ aga—l)r‘

1 t1 o (t (T— 8))0‘71 ,
< I’(a)/o [(h — sl 4 (Tla_l —|—a§0‘—1)] |f(s,v(s), D v(s))|ds

3
(o) /0 (€ =9)" f(s,v(s), D"(s))ds

1
Ta—l + aé‘a—l

1 (to(T — 5))2 1

+F(a)/o [(h =9 et +a§a_1)] 1£(s,v(s), D"(s))|ds

L@ - ) D¥v(s))|d
1 )T (ev) /tl(l( = 8))" | f(s,0(s), D"u(s))|ds

! (o — )t D¥v(s))|d
Fo T e [, (B~ ) v(s), Do) s

alpe—l _ o1 3
|t 5 /(5_3)0‘*1|f(3,v(S),DVU(S))|dS

B

T = e (@) Jy
Therefore,
1 h oa— a—
Fulty) = Fu(ty)| < g [ [0 =) = (2 =97

+

[(t (T = )" = (t2(T = 5))* ] v
(Te=1 4 qgo-1) ] | f(s,v(s), D"v(s))|ds

1 t2
To T ¥ ago 1T (a) /t1 [(t1(T — $)*7t — (to(T — s))o‘_l]|f(s, v(s), D"v(s))|ds

a|t(1)é_1 — tg_” ¢ a—1 v
gt J, (€ " s (), D uls))lds
Letting t; — ta, then |Fu(ty) — Fu(t2)| tends to 0. Consequently F(B¢) is equicontinuous. From

Ascoli-Arzela theorem, we deduce that F is a completely continuous.
This completes the proof.

T

+

Theorem 3.3.2 Suppose that f(t,0,0) # 0, T + a&® 1 #£ 0, and there exist nonnegative func-
tions k, h,1 € L'[0,T) such that

1f(t, 2z, y)| < k@)|z| +ht)|y| +1(t), ae (t,z,y)<[0,T] x R

If one of the following conditions is fulfilled
(1) There exists a constant p > 1 such that

/0 "(h(s) + h(s))Pds <

(Tt + a&> () (1 + qlo — 1))/ P
(2Tt + qgo—1)T(tale—1))/q 4 gTa-1¢(+a(a—1))/q P q

(2) k(s) + h(s) satisfies

k(s)+ h(s) < al'(a) (T + ag*™1)

.e. € (0, T
— (2Ta—1+a£a—1)Ta+aTa—1§a’ a.e § [ ) ]’
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r Ta—l 4 a—1
meas {s €10,T] : k(s) + h(s) < (2T0ﬁ1 fi(ga—l)TacfaTi—lga} > 0.

Then the FDE has at least one nontrivial solution u* € E.

Proof 3.3.2 Let A be defined as in the proof of Theorem[3.5.1. To prove Theorem|[3.3.9, we only

need to prove that A < 1. Since T* ' + a1 # 0, we have

a—1 a a—1 T
A= (Tng + cjg—a{l)r(a) /0 (T - S)Q_l(k‘(s) + h(s))ds

aT> 1 § a—
T ag Ty Jp € 97 () + h(e))ds,

(1) Using the Hélder inequality, we have

/p a-1 4 gea— q 1/q
A< [/Ol(k‘(s) + h(s))pds} 1 { (Tzi ;;ai);(a) [/OT ((T - s)a_l) ds]

[f(e-orya] ]

Tltala—1) 1/
(1+qga— 1))]

§1+q(a71) 1/q
1+ qg(a— 1)]
1 1/p (2721 4 ggo—1)yp(tale=1)/q
{/0 (k(s) + h(S))pds] l(Tal Tt ateD(a)(1 + gl — 1))4
aTo1¢(+a(e=1))/q
To-t +ag*~ Y (a)(1 + q(a - 1))1/"1

aTa—l
(e + ag* YT (a)

+

! R
<[ [ k) + nopras] { T T+ agoD(a)

aTe 1
(To=t + a1 (e)

+

IN

B

< (T + a1 (a)(1 + g(a — 1)1/
= (2T + ggo—1)T(+a(a=1)/q 4 gTa-1¢(+e(a=1))/q

(27~ 4 ggo—1yT(+ale—1))/q 4 gro—le(+ala—1))/q

o T ag @)t gla— D)7

X

(2) In this case, we have

al (o) (T + ag>™1) 271 4 ggo! T a1
[(Tal e 9

A<
— (QTafl _‘_aé“afl)Ta_FaTaflga

aTozfl 13 o
T T T e (a) /0 €=9) ldsl
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al(a) (T + ag>™ 1) (277! + ag=hT™
= (2T 4 age DT> + gTo 1 | al' (o) (T + ago—1)

Tafloz
PR b ]

al'(a) (Tl 4 ago1)

aF(a)(Ta—l + aga—l) (2Ta—1 + aéa—l)Ta + aToz—lé—a 1
— (2T + afe )T 4 qTo-1ga al' (@) (T + age1) -

This completes the proof.

Corollary 3.3.1 Suppose f(t,0,0) # 0, (1 4+ a)T* ! # 0, and there exist nonnegative functions
k,h,l € L0, T) such that

[t )l < k@)l + ROy +1(), ae (tz,y)€[0,T] xR

If one of the following conditions is fulfilled
(1) There exists a constant p > 1 such that

(1+a)T (@) (1 +g@—1)Y1]" 1 1 _
2(1 4 a)To-1T(+a(e=1)/q ’ 7

/O "(h(s) + h(s)Pds <

(2) k(s)+ h(s) satisfies

T
meas {s €[0,T]: k(s) + h(s) < a (a)} > 0.
Then the FDE has at least one nontrivial solution u* € E.

Proof 3.3.3 In this case, we have

A= e [T ) + s
b € " ) + s
< o [ )+ (o
S ji;;ll)r(a) [ =9 k) + hs

2(1 + a)To!

T
T (Ut o) T(a) | @ =9 k() + (o).

Proof of this corollary[3.3.1) is the same method as in the proof of the theorem[3.3.3. This completes
the proof.
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3.4 Examples
In order to illustrate the above results, we consider some examples.
Example 3.4.1 Consider the following system of FDE

D32u(t) = s-o(t) + B2 D54 (t) + 2 — 1, t€ (0,T)

(3.2)
u(0) =0, w(T)=2u(T/2).
Seta=3/2,a=2,¢(£=T/2, and
t t+2 )
= —2(t) + ——ylt -1
F(t,2,9) = se=a(t) + 2y (0) + 2~ 1,
t t42 )
k(t) = —, h(t)=——, @) =t".
()= h(t)= "2 1)
It is easy to prove that k, h,l € L'[0,T] are nonnegative functions,
and
[tz y)| < k@) +hO)lyl +1(t), ae. (tz,y)€[0,T] xR,
and 5
7o pag® = (14 W)Tl/z £ 0.
Moreover, we have
2Ta—1 +a£o¢—1 T
A= T -5k h(s))d
(Te=1+ aéoI(a) /0 ( )" (k(s) + h(s))ds
alTe ! § 1
—9) (k h(s))d
T ag e J, (€ )" k) + h(s))ds,
A 131073732 4 41073.7°2 < 1.
Hence, by Theorem the FDE[3.9 has at least one nontrivial solution u* in E.
Ezxample 3.4.2 Consider the following system of FDE
D'Y2u(t) = 37@3"551)(15) sinv(t) + 37”15+1t5D?’/‘Lv(t) +cost—et, te(0,T) 53

u(0) =0, w(T)=4u(T/3).
Setaw=1/2,a=4,&=T/3, and

V14td V14t
23 2(t) sin (1) + ; y(t) + cost — e,

fltzy) =
k(t) = V1+15/10, h(t)=V1+15/4, 1(t) =cost + e’

It is easy to prove that k, h,l € L]0, T] are nonnegative functions,
and
[tz y)| < k@2 +h(t)]yl +1(t), ae (ta,y)€[0,T]x R
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and

T 4 at® = (1 + 3_1/2)T_1/2 £0.
Let p=3, q=3/2, such that ]l) + % =1, then
1 2401
k h(s))Pds = —— ~ 0.05
| k() + h)yras = S

Moreover, we have

(T + ag* T (@) (1 + g(a — 1))/
(271 4 g¢a-1)T(+g(a-1))/q 4 gTo—1¢(+q(

p
~ —-1/2
a_l))/q] ~ 0.51.T

Therefore, )
/0 (k(s) + h(s))Pds <

[ (7% + ag* H)I(a)(1 + g(a — 1))/ r
)/

(2Ta_1 i aﬁa—l)T(l—‘rq(a—l))/q —|—aTO‘_1§(1+q(O‘_1)
Hence, by Theorem (1), the FDE has at least one nontrivial solution u* in E.
Example 3.4.3 Consider the following system of FDE

2 .
D3/2y(t) = 2(%](1%(75))6‘”2(”*1' cosv(t) + %DW?’U(Q +et—sint, te(0,T) ",

u(0) =0, w(T)=3u(T/4).
Setaw=3/2,a=3,&=T/4, and

W 22 ()1 (141%) I
flt,x,y) = me O=Hecosa(t) + 9t el y(t) + et —sint,
k(1) = f niy = & gﬁ), I(t) = et +sint.

It is easy to prove that k,h,l € L'[0,T] are nonnegative functions, and
(2 )] < k()] + h(Dly +1(8), ae. (o) € [0,T] x R

and 3
7o pag® = (14 M)Tm £ 0.
Moreover, we have

al(a) (T + ag>™t) _ 15T g
(271 + ago— )T + aTo—1¢x 31 '

Therefore,

k(s)+ h(s) = Vs + (1+57) < 15\/77T_3/2, s €10,77,
2 3 31
al (@) (T + ago™ 1)
(2Ta—1 +a§a—1)Ta + aTa—lé‘a
Hence, by Them“em (2), the FDE has at least one nontrivial solution u* in E.

meas{s € [0,T] : k(s) + h(s) < } > 0.
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CONCLUSION

In this dissertation, , we have investigated two classes of fractional boundary value problems (BVPs)
involving distinct fractional operators: the Caputo—Katugampola derivative and the classical Rie-
mann—Liouville derivative.

In Chapter 2, we studied a nonlinear BVP of order 1 < o < 2 with two-point boundary
conditions. By constructing the associated Green’s function and applying the Banach contraction
principle, we established sufficient conditions for the existence and uniqueness of a solution. Nu-
merical simulations were provided to illustrate the theoretical results and to show the influence of
the fractional order o on the solution behavior.

In Chapter 3, we considered a fractional differential equation of order o € (1,2) with three-
point boundary conditions. Using the Leray—Schauder nonlinear alternative and properties of the
Green function, we proved the existence of at least one nontrivial solution under suitable growth
conditions on the nonlinear term. Several examples were presented to validate the obtained criteria.

The main contributions of this work are:

o Extension of classical boundary value problems to the fractional setting.
e Derivation of explicit Green’s functions and precise estimates for integral kernels.

o Application of fized-point theorems (Banach, Leray—Schauder) in the context of fractional
derivatives.

o Numerical verification of theoretical conditions using different fractional orders and boundary
values.

Perspectives for future work include:
o Studying coupled systems of fractional BV Ps.
o Inwvestigating the same problems with nonlocal or integral boundary conditions.

o Developing numerical schemes (e.g., finite difference, spline collocation) to approximate solu-
tions.

o FExtending the analysis to fractional derivatives with variable order or singular kernels.
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Abstract

This work studies two nonlinear fractional boundary value problems involving the

Caputo-Katugampola and Riemann-Liouville derivatives; using theorems (Banach
Contraction, leray-schauder nonlinear alternative), it establishes existence,

uniqueness and nontrivial existence results for the solution.

Résumé

Ce travail étudie deux problémes aux limites fractionnaires non linéaires faisant
intervenir les dérivées de Caputo-Katugampola et de Riemann-Liouville. En
s'appuyant sur des théoremes tels que le principe de contraction de Banach et
I'alternative non linéaire de Leray-Schauder, il établit des résultats concernant

|'existence, l'unicité et I'existence de solutions non triviales.

e

SOaiys Y smele IS 6 glS i liaati Ay sl Lpaal) adll Jiliae e Giha e Gl 4 all 028 J sl
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