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Abstract

This work is devoted to the mathematical analysis of within-host viral infection dynamics,
with particular emphasis on the hepatitis B virus. We first review three classical models
that progressively incorporate spatial structure: the foundational ODE model of Nowak et
al [23], the local diffusion model of Wang and Wang [29], and the nonlocal dispersal frame-
work of Wang et al [30]. We then conduct a rigorous study of the spatially heterogeneous
model proposed by Liu et al [17], which simultaneously incorporates nonlocal diffusion
of free virions governed by a probability kernel J , an intracellular delay τ > 0 reflecting
the latency between viral entry and viral production, and position-dependent biological
parameters. The analysis is carried out in an infinite-dimensional functional framework.
We establish the global well-posedness and positivity of solutions via semigroup theory
and the Banach fixed point theorem, and prove that the semiflow is bounded dissipative.
Asymptotic smoothness of the semiflow and the existence of a compact global attractor
are obtained through a Kuratowski measure argument. Finally, the global asymptotic
stability of the infection-free steady state P0 is established when R0 ≤ 1, via an explicit
Lyapunov functional whose integral kernel is the positive eigenfunction of the linearised
problem around P0.

Keywords: Viral infection model, nonlocal diffusion, intracellular delay, spatial het-
erogeneity, semigroup theory, Lyapunov functional, basic reproduction number, global
asymptotic stability.
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Résumé

Ce travail est consacré à l’analyse mathématique de la dynamique de l’infection virale
intra-hôte — c’est-à-dire la réplication et la propagation du virus à l’échelle d’un seul
organisme infecté — avec un intérêt particulier pour le virus de l’hépatite. Nous étudions
d’abord trois modèles classiques qui incorporent progressivement la structure spatiale : le
modèle fondateur en équations différentielles ordinaires de Nowak et al [23], le modèle à
diffusion locale de Wang et al [29], et le cadre à dispersion non locale de Wang et al [30].
Nous conduisons ensuite une étude rigoureuse du modèle spatialement hétérogène proposé
par Liu et al [17], qui intègre simultanément la diffusion non locale des virions libres via un
noyau de probabilité J , un délai intracellulaire τ > 0 traduisant la latence entre l’entrée
du virus et le début de la production virale, et des paramètres biologiques dépendant de
la position spatiale. L’analyse est menée dans un cadre fonctionnel de dimension infinie.
Nous établissons le bon positionnement global et la positivité des solutions via la théorie
des semi-groupes et le théorème du point fixe de Banach, et montrons que le semi-flot est
dissipatif borné. La régularité asymptotique du semi-flot et l’existence d’un attracteur
global compact sont obtenues par un argument de mesure de Kuratowski. Enfin, la
stabilité asymptotique globale de l’état d’équilibre sans infection P0 est établie lorsque
R0 ≤ 1, via une fonctionnelle de Lyapunov explicite dont le noyau intégral est la fonction
propre positive du problème linéarisé autour de P0.

Mots-clés : Modèle d’infection virale, diffusion non locale, délai intracellulaire, hétérogénéité
spatiale, théorie des semi-groupes, fonctionnelle de Lyapunov, nombre de reproduction de
base, stabilité asymptotique globale.
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Glossary of Terms

• HBV (Hepatitis B Virus): A DNA virus that infects liver cells (hepatocytes),
causing acute and chronic hepatitis. HBV replication involves reverse transcription
of pregenomic RNA into viral DNA by the viral polymerase [23].

• Lamivudine: A nucleoside analogue reverse transcriptase inhibitor used in the
treatment of chronic hepatitis B. It blocks the HBV DNA polymerase, thereby
inhibiting viral replication [23].

• Nucleoside Analogue: A synthetic compound that mimics natural nucleosides
and competitively inhibits viral polymerases or reverse transcriptases, preventing
viral genome replication [23].

• Viral Polymerase: An enzyme encoded by HBV that catalyses the reverse tran-
scription of pregenomic RNA into viral DNA. Lamivudine inhibits this enzyme,
blocking viral replication [23].

• Inhibitor: A substance that blocks or suppresses the activity of a specific enzyme or
biological process. Lamivudine acts as a reverse transcriptase inhibitor, preventing
HBV DNA polymerase from synthesising viral DNA [23].

• Hepatocytes (Liver Cells): The primary functional cells of the liver, represent-
ing the target cell compartment T (t, x) in the model. Hepatocytes are typically
immobile under normal conditions [29].

• Sessile: Describes cells that are permanently attached to a substrate and do not
move. In the liver, hepatocytes (target cells T and infected cells I) are sessile,
meaning only free virions V are capable of spatial movement [29].

• Inflow/Outflow: In compartmental models, inflow denotes the rate at which in-
dividuals or particles enter a given compartment (e.g., production of new target
cells), while outflow denotes the rate at which they leave (e.g., death, infection, or
recovery) [5].

• Mixed Cells (Well-Mixed): In the classical ODE framework, the assumption that
target cells, infected cells, and free virions are uniformly distributed and instantly



accessible to one another, corresponding to a spatially homogeneous environment
[23].

• Intracellular Delay τ : The latency period between viral entry into a target cell
and the onset of viral production by that cell. This delay reflects the time required
for viral replication and assembly within the host cell [17].

• Heterogeneous (Spatially Heterogeneous): Refers to biological parameters
(e.g., cell production rate, death rate, infection rate) that vary with spatial position,
reflecting the non-uniform structure of liver tissue [17].

• Inhomogeneous: Synonymous with heterogeneous, describes systems where prop-
erties vary with spatial position, as opposed to spatially uniform (homogeneous)
systems [17].

• Interstitial Fluid: The fluid that surrounds cells within tissues, allowing the trans-
port of nutrients, waste products, and free virions between different regions of the
liver [21].

• Random Motion: The irregular, non-directed movement of particles (such as free
virions) resulting from thermal agitation and collisions with surrounding molecules.
This underlies both Fickian diffusion and nonlocal dispersal mechanisms [21].

• Basic Reproduction Number (R0): Biologically, the average number of sec-
ondary infections produced by a single infected cell during its entire infectious pe-
riod, when introduced into a completely susceptible compartment. When R0 ≤ 1,
the infection dies out, when R0 > 1, the infection can persist [5, 17].

• Threshold: A critical value of a parameter (typically R0) that determines a quali-
tative change in the dynamical behaviour of the system, such as the transition from
disease extinction to persistence [5].

• Infection-Free Steady State P0: The equilibrium state of the system where the
infection has been eradicated, characterised by the absence of infected cells and free
virions, with target cells at their natural carrying capacity [17].

• Endemic Equilibrium: A steady state where infected compartments are strictly
positive, representing persistent viral infection in the host [23].

• Disease-Free Equilibrium (DFE): A steady state where all infected compart-
ments vanish, representing the absence of infection in the population [5].

• Travelling Wave: A solution propagating with constant speed without changing
shape, representing the spatial spread of infection through liver tissue as a moving
front [22].
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• Fickian Diffusion: Local spatial movement of free virions described by the Lapla-
cian operator, where particles move gradually from regions of high concentration to
low concentration through neighbouring tissue, following Fick’s law [29].

• Nonlocal Dispersal: A spatial movement mechanism where free virions can jump
directly to distant positions within the tissue, governed by a probability kernel,
allowing long-range transport through blood sinusoids or interstitial fluid rather
than gradual local diffusion [30].

• Semiflow: In contrast to a flow (where time can move both forward and backward),
a semiflow describes evolution only for forward time. In viral infection dynamics,
the presence of the intracellular delay τ > 0 means that the system remembers
the past but cannot anticipate the future, this irreversibility makes the semiflow
framework the natural mathematical setting [27].

• In vivo: A Latin term meaning “within the living”. It refers to biological processes
occurring inside a living organism, as opposed to in vitro experiments performed
outside the organism under laboratory conditions [23].

• Half-life: The time required for the concentration of a biological entity — such as
free virions or infected cells — to decrease by half its initial value. In the context
of HBV infection, Nowak et al. estimated the half-life of free virions to be approxi-
mately one day, and that of infected hepatocytes to range from ten to one hundred
days [23].

9



10



Introduction

Viral infectious diseases remain among the most significant challenges in modern medicine,
owing to their long infectious periods, complex replication mechanisms, and capacity for
long-term persistence within the host despite antiviral intervention. To investigate the
mechanisms and dynamical behaviours of the viral infection process in vivo, mathematical
modelling has emerged as a powerful and indispensable tool, capable of complementing
clinical observation by providing rigorous quantitative predictions on the course of infec-
tion and the effectiveness of treatment.

The first within-host model, introduced by Nowak et al in 1996 [23], describes the
interactions among three compartments, uninfected target cells, infected cells, and free
virions, through a system of ordinary differential equations. Despite its simplicity, this
model successfully fit clinical data from patients treated with lamivudine and yielded
fundamental estimates of viral dynamics in hepatitis B virus (HBV) infection, including
a viral half-life of approximately one day and an infected cell half-life ranging from ten to
one hundred days [23]. Its mathematical simplicity and biological relevance made it the
point of departure for an extensive later literature.

A central feature of viral infection that the original model does not capture is the
spatial structure of the host tissue. In reality, the liver is a spatially organised organ,
hepatocytes occupy fixed positions within a complex lobular architecture, and free virions
must physically travel through the interstitial fluid to reach susceptible cells [29]. Wang
et al [29] addressed this limitation by adding Fickian diffusion for the virus compartment,
described by the Laplacian operator, and demonstrated the existence of travelling infec-
tion waves with a well-defined minimum speed. This spatial extension was later extended
by Wang et al [30], who replaced local diffusion by a nonlocal dispersal operator governed
governed by a kernel J , allowing virions to jump directly to distant positions, a mecha-
nism more true to the physics of viral transport in tissue than the purely local diffusion
approximation.

Two further biological realities motivate the model studied in this work. First, after a
virion enters a target cell, a latency period of duration τ > 0 passes before the cell begins
producing new virions. This intracellular delay has been shown to reduce the chronic
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viral load and to rule out sustained oscillations in within-host models. Second, biological
parameters such as the cell production rate, the death rate, and the infection rate are not
uniform throughout liver tissue but depend on the spatial position x, reflecting the real
heterogeneity of the organ [17].

This work studies the model proposed by Liu et al [17], which combines the princi-
pal biological mechanisms discussed above, the classical within-host infection dynamics,
nonlocal diffusion of free virions, intracellular delay, and spatial heterogeneity of param-
eters. The resulting model is a system of nonlocal delay integro-differential equations,
whose rigorous analysis requires tools from semigroup theory, spectral theory for nonlocal
operators, the theory of infinite-dimensional dynamical systems, and the construction of
Lyapunov functionals adapted to the spatially heterogeneous setting.

The dissertation is organised as follows:

• Chapter 1 collects the mathematical preliminaries required for the analysis, includ-
ing the theory of C0-semigroups, Fréchet differentiability, the Kuratowski measure
of noncompactness, and the relevant stability notions.

• Chapter 2 presents the classical models that motivate and explain the main study,
the original ODE model of Nowak et al [23], its extension with local diffusion by
Wang et al, and the nonlocal dispersal framework of Wang, Li and Sun.

• Chapter 3 is focused on the analysis of the spatially heterogeneous viral infection
model with intracellular delay and nonlocal diffusion proposed by Liu, Xu and Jin
[17]. This model incorporates nonlocal diffusion of free virions through a kernel
J , allowing virions to interact across distant spatial locations, which local diffusion
cannot capture, together with intracellular delay τ > 0 and spatially heterogeneous
parameters. The main results established are: global well-posedness, positivity, and
dissipativity of the system (Section 3.2), asymptotic smoothness and existence of a
compact global attractor (Section 3.3), and global threshold dynamics governed by
the basic reproduction number R0 (Section 3.4). More precisely, the infection-free
steady state P0 is shown to be globally asymptotically stable when R0 ≤ 1..



Chapter 1

Preliminaries

In this chapter, we present the basic mathematical tools that will be used in the rest of
this dissertation. These tools are important for understanding the models and the results
that will be discussed later.

1.1 Differential Equations

Definition 1.1.1: Ordinary Differential Equation
An ordinary differential equation (ODE) is an equation with a function and its
derivatives. The function has one variable (often time t). A system of ODEs looks
like this:

dx

dt
= f(x), x ∈ Ω ⊂ Rn, (1.1)

where:

• x(t) ∈ Ω is the state vector,

• f : Ω → Rn is a function with continuous derivatives,

• Ω is an open set in Rn.

ODEs show how the state changes with time. In this work, we study autonomous
systems. In these systems, f does not use t directly.

1.2 Cauchy–Lipschitz Theorem (Picard–Lindelöf)

Consider the initial value problem: 
dx

dt
= f(t,x),

x(t0) = x0,

(1.2)

13



CHAPTER 1. PRELIMINARIES

where D ⊂ R × Rn is an open domain containing (t0,x0), and f : D → Rn is a vector
field.

Definition 1.2.1: Lipschitz Condition [25]
Let f : D ⊂ R× Rn → Rn and S ⊂ D.

1. Locally Lipschitz in x: For every compact K ⊂ D, there exists LK > 0 such
that

∥f(t,x1)− f(t,x2)∥ ≤ LK∥x1 − x2∥

for all (t,x1), (t,x2) ∈ K. The constant LK may depend on K.

2. Uniformly Lipschitz in x on S: There exists L > 0 such that

∥f(t,x1)− f(t,x2)∥ ≤ L∥x1 − x2∥

for all (t,x1), (t,x2) ∈ S. The constant L is independent of t.

3. Globally Lipschitz in x: The function is uniformly Lipschitz on all of D
with the same constant L.

Theorem 1.2.1: Local Existence and Uniqueness [4, 25]
Let f : D → Rn satisfy:

1. Continuity: f is continuous on D,

2. Local Lipschitz condition: f is locally Lipschitz in x on D.

Then there exists δ > 0 such that the IVP (1.2) has a unique solution x(t) defined
on the interval [t0 − δ, t0 + δ].

Theorem 1.2.2: Global Existence and Uniqueness [3]
If f is continuous on D and globally Lipschitz in x on D, then the unique solution
exists on the entire interval of definition of f .

Theorem 1.2.3: Existence without Uniqueness [11]
If f is continuous on D (without any Lipschitz condition), then there exists at least
one solution to the initial value problem (1.2) on some interval [t0 − δ, t0 + δ]. How-
ever, this solution may not be unique.

Remark 1.2.1. • If f is only continuous: solution exists but may not be unique.
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• If f is globally Lipschitz: solution exists for all time.

1.3 Equilibrium Points

Definition 1.3.1: Equilibrium Point [13]
An equilibrium point of system (1.1) is a point x∗ where

f(x∗) = 0.

At this point, the system does not change: dx
dt

= 0.

To find equilibrium points, we solve the algebraic system:

f(x) = 0.

This gives the long-term behaviour of the system. In general, epidemiological models
admit two types of equilibria:

• Disease-free equilibrium (DFE): all infected variables are zero.

• Endemic equilibrium (EE): infected variables are positive, representing persis-
tent infection.

Definition 1.3.2: Jacobian Matrix [25]
The Jacobian matrix of f at point x is the matrix of all first-order partial derivatives:

J(x) =
∂f

∂x
=


∂f1
∂x1

· · · ∂f1
∂xn... . . . ...

∂fn
∂x1

· · · ∂fn
∂xn

 .

This matrix gives the linear approximation of f near x.

1.4 Spectral Theory and Positive Matrices

Definition 1.4.1: Irreducible Matrix [12]
A nonnegative matrix A ∈ Rn×n is called irreducible if no permutation of rows and
columns can reduce it to block upper-triangular form. Equivalently, for every pair
(i, j), there exists k ∈ N such that (Ak)ij > 0.
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Remark 1.4.1. In epidemiological models, irreducibility means every compartment can
affect every other compartment through some path.

Definition 1.4.2: Spectral Radius [12]
Let A ∈ Rn×n be a square matrix with eigenvalues λ1, λ2, . . . , λn. The spectral
radius of A, denoted by ρ(A), is the largest absolute value of its eigenvalues:

ρ(A) = max
1≤i≤n

|λi| = max{|λ| : λ is an eigenvalue of A}.

Definition 1.4.3: Spectral Bound [28]
Let A ∈ Rn×n be a square matrix with spectrum σ(A). The spectral bound of A,
denoted by s(A), is defined as the largest real part of an eigenvalue of A:

s(A) = sup{ℜλ : λ ∈ σ(A)}. (1.3)

The spectral bound plays a fundamental role in the stability analysis of differential
equations, as the sign of s(A) determines the asymptotic growth or decay of solutions
generated by A.

Definition 1.4.4: Connected Set [20]
A subset S ⊂ Rn is said to be connected if there do not exist two non-empty open
sets U1, U2 ⊂ Rn such that:

1. S ⊂ U1 ∪ U2,

2. U1 ∩ U2 = ∅,

3. S ∩ U1 ̸= ∅ and S ∩ U2 ̸= ∅.

Equivalently, S is connected if it cannot be partitioned into two non-empty disjoint
open subsets.

Theorem 1.4.1: Perron–Frobenius [12]
Let A ∈ Rn×n be an irreducible nonnegative matrix. Then:

1. (Existence of Perron root) A has a real positive eigenvalue λmax = ρ(A) >

0, called the Perron root.

2. (Simplicity) The Perron root is algebraically and geometrically simple:
mult(λmax) = 1.
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3. (Positive eigenvector) There exists an eigenvector v > 0 (strictly positive
entries) such that Av = ρ(A)v.

4. (Collatz-Wielandt formula) The Perron root satisfies:

ρ(A) = max
x≥0,x̸=0

min
xi>0

(Ax)i
xi

.

5. (Monotonicity) If A ≤ B (entrywise) with A ̸= B, then ρ(A) < ρ(B).

Remark 1.4.2. This result is important for epidemiological models. The spectral radius
of the Next-Generation Matrix K in Section (1.6) is always a positive real number.
So R0 = ρ(K) is a useful threshold parameter.

1.5 Reproduction Number in Epidemiology

Definition 1.5.1: The Basic Reproduction Number R0

The basic reproduction number, denoted R0, is a central concept in epidemiology.
Biologically, it represents the average number of secondary infections produced by a
single infected individual during their entire infectious period, when introduced into
a completely susceptible compartment.

In general, the value of R0 determines the dynamics of an infection:

• If R0 < 1, the infection dies out.

• If R0 > 1, the infection can establish itself and persist.

A rigorous method to compute R0 for compartmental models is presented in the next
section (1.6).

1.6 The Next-Generation Matrix Method

Definition 1.6.1: Next-Generation Matrix [5]
Consider a model with n compartments, of which m are infected compartments
(i.e., compartments containing infected individuals or pathogens). Write the equa-
tions for these infected variables as

dx

dt
= F(x)− V(x),

17
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where:

• F(x) is the vector of rates of new infections appearing in each infected com-
partment,

• V(x) is the vector of rates of transfer out of each infected compartment (due
to death, recovery, etc.), with all terms in V being non-negative and represent-
ing outflow.

Let F and V be the Jacobian matrices of F and V, respectively, evaluated at the
disease-free equilibrium (DFE). Then the Next-Generation Matrix is defined as

K = FV−1.

Theorem 1.6.1: Computation of R0 [5]
The basic reproduction number R0 is given by the spectral radius (largest absolute
eigenvalue) of the Next-Generation Matrix K:

R0 = ρ(K) = max{|λ| : λ is an eigenvalue of K}.

1.7 Traveling Waves and Spread Dynamics

Definition 1.7.1: Traveling Wave [22]
A traveling wave is a solution that moves with constant speed without changing its
shape. Mathematically, it has the form:

u(t, x) = U(x− ct) or u(t, x) = U(x+ ct),

where c > 0 is the wave speed and U is the wave profile.
This representation transforms the PDE into an ODE. In the phase space:

• A wave front is a heteroclinic orbit linking two steady states,

• A pulse is a homoclinic orbit returning to the same equilibrium.

Remark 1.7.1 (Existence of Traveling Waves [22]). Consider an epidemiological model
with basic reproduction number R0 > 1. Then there exists a minimal wave speed c∗ > 0

such that:

1. For all c ≥ c∗, traveling wave solutions exist,

18
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2. For c < c∗, no non-negative traveling wave solutions exist.

This shows that disease spread has a minimum wave speed when R0 > 1. The infection
cannot propagate slower than c∗. Importantly, the epidemic can be controlled by c∗ and
R0. Indeed, if R0 ≤ 1, the disease dies out and no traveling wave exists.

To illustrate this result, consider the classical reaction-diffusion SIR model

∂S

∂t
= d1

∂2S

∂x2
− βSI,

∂I

∂t
= d2

∂2I

∂x2
+ βSI − γI,

∂R

∂t
= d3

∂2R

∂x2
+ γI,

(1.4)

where S(x, t), I(x, t), and R(x, t) denote the densities of susceptible, infected, and recov-
ered individuals at position x and time t, respectively, d1, d2, d3 > 0 are diffusion coeffi-
cients, β > 0 is the transmission rate, and γ > 0 is the recovery rate. For this system,
the basic reproduction number is R0 = βS0/γ, with S0 the initial density of susceptible
individuals. Traveling wave solutions of the form (S(x − ct), I(x − ct)) connecting the
disease-free equilibrium (S0, 0) to an endemic state have been widely studied. It is known
that, if R0 > 1, there exists a minimum wave speed c∗ = 2

√
d2(βS0 − γ) such that non-

negative traveling waves exist precisely for every c ≥ c∗, whereas no such wave exists for
c < c∗. Conversely, if R0 ≤ 1, the disease cannot propagate via traveling waves and the
infection dies out, which is in full agreement with the theorem above.

1.8 Limit Cycles and Bendixson–Poincaré Theorem

The Poincaré–Bendixson theory describes the long-term behavior of solutions in two di-
mensions. It limits the possible dynamics to three cases.

Definition 1.8.1: Limit Cycle [25]
A limit cycle is an isolated periodic orbit. Nearby trajectories approach it or leave
it as t→ ∞.

Theorem 1.8.1: Poincaré–Bendixson [25]

Consider a system dx
dt

= f(x) in R2. Let R be a bounded region with no equilibria
on its boundary. If a trajectory enters R and stays in R, then one of the following
holds:

1. The trajectory approaches a stable equilibrium,
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2. The trajectory approaches a heteroclinic (linking two steady states) or homo-
clinic (returning to one steady state) orbit,

3. The trajectory approaches a limit cycle.

Remark 1.8.1. This theorem applies only to continuous systems in R2. It excludes chaos
and ensures that oscillations in epidemiological models are periodic, not irregular.

1.9 Notions of Stability and Equilibrium Points

Consider the autonomous system
dx

dt
= f(x), (1.5)

where f : Ω ⊂ Rn → Rn is a C1 function. A point x∗ ∈ Ω is called an equilibrium point
of (1.5) if f(x∗) = 0.

1.9.1 Types of Stability

Definition 1.9.1: Stability in the sense of Lyapunov [18]
The equilibrium x∗ of (1.5) is said to be stable if for every ε > 0, there exists η > 0

such that for any solution x(t) with ∥x(0)− x∗∥ < η:

∥x(t)− x∗∥ < ε, ∀t ≥ 0.

Theorem 1.9.1: Lyapunov’s Direct Method [18]
Let x∗ be an equilibrium of (1.5) and let V : Rn → R be a continuously differentiable
function such that V (x∗) = 0 and V (x) > 0 for all x ̸= x∗ in a neighborhood of x∗.
Then the following hold:

(i) If V̇ (x) ≤ 0 for all x near x∗, then x∗ is stable.

(ii) If V̇ (x) < 0 for all x ̸= x∗ near x∗, then x∗ is asymptotically stable.

(iii) If V̇ (x) > 0 for all x ̸= x∗ near x∗, then x∗ is unstable.

Definition 1.9.2: Asymptotic Stability [3]
The equilibrium x∗ is asymptotically stable if it is stable and there exists δ > 0

such that:
∥x(0)− x∗∥ < δ =⇒ lim

t→+∞
∥x(t)− x∗∥ = 0.
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Definition 1.9.3: Global Asymptotic Stability [13]
The equilibrium x∗ is globally asymptotically stable if it is stable and for all
initial conditions x(0) ∈ Ω:

lim
t→+∞

x(t) = x∗.

Definition 1.9.4: Instability [11]
The equilibrium x∗ is unstable if it is not stable, i.e., there exists ε > 0 such that
for any η > 0, there is a solution with ∥x(0)− x∗∥ < η but ∥x(t)− x∗∥ ≥ ε for some
t > 0.

1.9.2 Linearization Method

Let Jf (x∗) = ∂f
∂x
(x∗) be the Jacobian matrix of f at x∗. The linearized system at x∗ is:

ẏ = Jf (x
∗)y.

Theorem 1.9.2: Hartman-Grobman [8, 10]
Let x∗ be an equilibrium of (1.5) and let λi be the eigenvalues of Jf (x∗).

1. If Re(λi) < 0 for all i, then x∗ is locally asymptotically stable,

2. If Re(λi) > 0 for some i, then x∗ is unstable,

3. If Re(λi) ≤ 0 with some Re(λi) = 0, the linearization is inconclusive.

1.10 Semigroup Theory

Definition 1.10.1: Banach Space [14, Definition 2.1-1]
A normed vector space (X, ∥ · ∥X) is called a Banach space if it is complete. More
precisely, a sequence (un)n≥1 ⊂ X is called a Cauchy sequence if:

∀ ε > 0, ∃N ∈ N : m,n ≥ N =⇒ ∥um − un∥X < ε.

The space X is complete if every Cauchy sequence (un)n≥1 ⊂ X converges to an
element of X, that is, there exists u ∈ X such that:

lim
n→+∞

∥un − u∥X = 0.
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Definition 1.10.2: C0-Semigroup [6, Definition I.5.1]
A family {eAt}t≥0 of bounded linear operators on a Banach space Y is called a
strongly continuous semigroup (or C0-semigroup) if:

(i) eA·0 = IdY ,

(ii) eA(t+s) = eAt ◦ eAs for all t, s ≥ 0,

(iii) ∥eAtu− u∥Y → 0 as t→ 0+, for all u ∈ Y .

The operator A defined by:

Au = lim
t→0+

eAtu− u

t

is called the infinitesimal generator of the semigroup.

Definition 1.10.3: Uniformly Continuous Semigroup [6]
A C0-semigroup {eAt}t≥0 on Y is called uniformly continuous if:

lim
|t−s|→0

∥eAt − eAs∥L(Y ) = 0.

Equivalently, the map t 7→ eAt is continuous in the operator norm topology on L(Y ).

Definition 1.10.4: Strictly Contractive Semigroup
A C0-semigroup {eAt}t≥0 on Y is called strictly contractive if there exists ω > 0

such that:
∥eAt∥L(Y ) ≤ e−ωt < 1 ∀ t > 0.

Definition 1.10.5: Positive Semigroup [6, Definition VI.1.1]
A C0-semigroup {eAt}t≥0 on an ordered Banach space (Y, Y+) is called positive if:

eAtY+ ⊂ Y+ ∀ t ≥ 0.

That is, the semigroup preserves the non-negativity of the initial data.

Theorem 1.10.1: Bounded Perturbation Theorem [6]
Let A0 be the infinitesimal generator of a C0-semigroup {eA0t}t≥0 on a Banach space
Y , and let Ã : Y → Y be a bounded linear operator. Then A = A0 + Ã is also the
generator of a C0-semigroup {eAt}t≥0 on Y .
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Theorem 1.10.2: Positivity Preservation [24, Theorem 1.2]
Let (Y, Y+) be an ordered Banach space. If {eA0t}t≥0 is a positive C0-semigroup on
Y and Ã : Y → Y is a bounded linear operator satisfying ÃY+ ⊂ Y+, then the
semigroup {eAt}t≥0 generated by A = A0 + Ã is also positive:

eAtY+ ⊂ Y+ ∀ t ≥ 0.

1.11 Functional Analysis

Definition 1.11.1: Fréchet Derivative [2, Definition 8.1]
Let X and Y be Banach spaces and F : X → Y . The operator F is Fréchet
differentiable at ψ ∈ X if there exists a bounded linear operator F ′[ψ] : X → Y such
that:

lim
∥u−ψ∥X→0

∥F (u)− F (ψ)− F ′[ψ](u− ψ)∥Y
∥u− ψ∥X

= 0.

The operator F ′[ψ] is called the Fréchet derivative of F at ψ. If the map ψ 7→ F ′[ψ]

is continuous in L(X,Y ), then F is said to be continuously Fréchet differentiable
on X.

Theorem 1.11.1: Banach Fixed Point Theorem [14]
Let (X, ∥ · ∥) be a Banach space and Φ : X → X a contraction mapping, i.e. there
exists k ∈ [0, 1) such that:

∥Φ(u)− Φ(v)∥ ≤ k ∥u− v∥ ∀u, v ∈ X.

Then Φ has a unique fixed point u∗ ∈ X satisfying Φ(u∗) = u∗.

1.12 Semiflows and Asymptotically Smooth

Definition 1.12.1: Semiflow [27]
Let X be a metric space. A semiflow on X is a continuous mapping:

Σ : R+ ×X −→ X, (t, u0) 7−→ Σ(t, u0),

satisfying the following three conditions:
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(i) Identity at t = 0:
Σ(0, u0) = u0 ∀u0 ∈ X,

(ii) Semigroup property:

Σ(t+ s, u0) = Σ
(
t, Σ(s, u0)

)
∀ t, s ≥ 0, u0 ∈ X,

For a fixed u0 ∈ X, the set {Σ(t, u0) : t ≥ 0} is called the positive orbit of u0 under
the semiflow {Σ(t)}t≥0.

Definition 1.12.2: Positively Invariant Set [27, Definition 1.8]
A set B ⊂ X is called positively invariant for a semiflow {Σ(t)}t≥0 if:

Σ(t)B ⊂ B ∀ t ≥ 0.

If equality holds (Σ(t)B = B), the set B is called invariant.

Theorem 1.12.1: LaSalle’s Invariance Principle [16]
Let {Σ(t)}t≥0 be a continuous semiflow on a metric space (X, d). Suppose that:

1. There exists a continuous Lyapunov function U : X → R such that U̇(u) ≤ 0

for all u ∈ X, where U̇ denotes the derivative of U along the trajectories of the
semiflow.

2. The semiflow has a compact global attractor in X.

Let M be the largest invariant subset of the set {u ∈ X : U̇(u) = 0}. Then for any
bounded trajectory, its ω-limit set is contained in M. In particular, if M = {u∗}
for some equilibrium u∗, then u∗ is globally asymptotically stable.

Definition 1.12.3: Asymptotically Smooth Semiflow [27]
A semiflow {Σ(t)}t≥0 on a metric space X is called asymptotically smooth if for
any nonempty closed, bounded, and positively invariant set B ⊂ X, there exists a
compact set B̂ ⊂ X such that:

lim
t→+∞

d
(
Σ(t, B), B̂

)
= 0,

where d(A, B̂) = supu∈A infv∈B̂ ∥u− v∥ denotes the Hausdorff semi-distance.
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1.13 Measure of Noncompactness and Condensing Op-

erators

Definition 1.13.1: Kuratowski Measure of Noncompactness [34]
Let X be a Banach space and B ⊂ X a bounded set. The Kuratowski measure of
noncompactness of B is defined by:

κ(B) := inf{r > 0 : B has a finite cover of diameter < r}.

The following properties hold:

(i) κ(B) = 0 if and only if B is compact (i.e. B is precompact),

(ii) B1 ⊂ B2 =⇒ κ(B1) ≤ κ(B2) (monotonicity),

(iii) κ(B1 ∪B2) ≤ max{κ(B1), κ(B2)},

(iv) κ(B1 +B2) ≤ κ(B1) + κ(B2) (subadditivity).

Definition 1.13.2: Precompact Set [14, Definition 2.1]
Let X be a metric space. A subset B ⊂ X is called precompact (or relatively
compact) if its closure B is compact in X.

Remark 1.13.1. In view of Definition 1.13.1, a bounded set B is precompact if and only
if κ(B) = 0.

Definition 1.13.3: κ-Condensing Map [34]
A continuous mapping f : X → X is said to be κ-condensing (κ-contraction of order
l, 0 ≤ l < 1) if f maps bounded sets to bounded sets and:

κ(f(B)) < κ(B)
(
resp.κ(f(B)) < l κ(B)

)
for any nonempty closed bounded set B ⊂ X with κ(B) > 0, where κ(B) denotes the
Kuratowski measure (Definition 1.13.1).

Lemma 1.13.1 ([9]). Let {Σ(t)}t≥0 be a semiflow on a Banach space Y . If {Σ(t)}t≥0 is
κ-condensing, that is, if there exists l ∈ [0, 1) such that:

κ
(
Σ(t, B)

)
≤ l κ(B)

for any nonempty closed bounded set B ⊂ Y with κ(B) > 0, then the semiflow {Σ(t)}t≥0

is asymptotically smooth.
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1.14 Classical Analysis Results

Theorem 1.14.1: Heine–Borel [26, Theorem 2.41]
A subset K ⊂ Rn is compact if and only if it is closed and bounded.

Theorem 1.14.2: Arzelà-Ascoli [26]
Let K be a compact metric space. A family F ⊂ C(K,R) is relatively compact in
C(K,R) if and only if it is:

(i) uniformly bounded: there exists M > 0 such that |f(x)| ≤ M for all f ∈ F
and x ∈ K,

(ii) equicontinuous: for every ε > 0, there exists δ > 0 such that:

d(x1, x2) < δ =⇒ |f(x1)− f(x2)| < ε ∀ f ∈ F .

Proposition 1.14.1: Mean Value Inequality [2]
.
Let X be a Banach space and let f : [a, b] → X be continuous on [a, b] and differen-
tiable on (a, b). Then:

∥f(b)− f(a)∥X ≤ (b− a) · sup
t∈(a,b)

∥f ′(t)∥X .

In particular, if there exists M > 0 such that ∥f ′(t)∥X ≤M for all t ∈ (a, b), then:

∥f(b)− f(a)∥X ≤M |b− a|.

Proposition 1.14.2: Variation of Constants Formula [31]
Let A be the infinitesimal generator of a C0-semigroup {eAt}t≥0 on a Banach space
Y , and let F : Y → Y be locally Lipschitz. Then the abstract Cauchy problem:

du

dt
= Au+ F (u), u(0) = u0 ∈ Y,

is equivalent to the integral equation:

u(t) = eAtu0 +

∫ t

0

eA(t−σ) F
(
u(σ)

)
dσ.
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Classical of Viral Infection models

2.1 Viral Dynamics of HBV [23]

The first quantitative framework for describing within-host hepatitis B virus (HBV) dy-
namics was introduced by Martin A. Nowak and his colleagues in 1996 [23]. Their model,
based on a system of ordinary differential equations (ODEs) describing within-host viral
dynamics, captures the interactions among three compartments: uninfected hepatocytes
(target cells), infected hepatocytes, and free virus. A fundamental assumption of this
model is that these compartments are homogeneously mixed, thereby neglecting any spa-
tial structure. By fitting the model to clinical data from patients treated with lamivu-
dine—a nucleoside analog that inhibits viral replication by blocking reverse transcrip-
tion—the authors were able to estimate essential kinetic parameters of HBV infection.
Notably, they found that the half-life of free virus is approximately one day, whereas in-
fected hepatocytes have a much longer half-life, ranging from 10 to 100 days [23]. These
findings highlighted the potential for long-term viral persistence even under antiviral ther-
apy.

The system of ordinary differential equations (ODEs) proposed in [23] is given by:

dT

dt
= Λ− dT − bTV,

dI

dt
= bTV − aI,

dV

dt
= kI − uV.

(2.1)

In this model, the biological system is divided into three compartments: target cells
T (t), infected cells I(t), and free virus V (t). The model describes how infection spreads
at the cellular level and how virus is produced and cleared over time. It is assumed that
cells and virus particles are uniformly mixed and that infection occurs through contact
between target cells and free virus.

The target cell compartment is continuously produced and naturally removed. When
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a target cell encounters a virus particle, it can become infected and moves to the infected
class. Infected cells produce new virus particles and are removed by natural death or
immune response. Free virus particles are cleared at a constant rate. Antiviral treatment
can be represented by reducing the viral production from infected cells.

The infection term bTV is bilinear and represents the incidence of new infections
generated by contact between target cells and free virus. The parameters of the system
are positive constants, which ensures biological consistency of the solutions, such that:

• Λ: production rate of new hepatocytes ( target cells),

• d: death rate of target cells,

• b: infection rate,

• a: death rate of infected cells,

• k: viral production rate per infected liver cell,

• u: death rate of free virus.

The model is compartmental, where each equation describes the variation of one com-
partment through inflow and outflow terms. Production, infection, and death processes
appear explicitly in the model equations (2.1). Under antiviral therapy, the structure of
the system remains the same, but the viral production parameter can be reduced or set
to zero, modifying the qualitative behavior of the solutions.

2.1.1 Basic Reproduction Number R0

We first determine the disease-free equilibrium (DFE) of system (2.1) proposed by Nowak
et al. [23]. The DFE corresponds to the absence of infection, i.e. I = 0 and V = 0.
Setting the right-hand sides of system (2.1) to zero gives:

Λ− dT − bTV = 0,

bTV − aI = 0,

kI − uV = 0.

(2.2)

With I = 0 and V = 0, the second and third equations of (2.2) are automatically
satisfied. From the first equation of (2.2) we obtain:

Λ− dT = 0 =⇒ T0 =
Λ

d
.

Hence the DFE is
E0 =

(
T0, I0, V0

)
=

(
Λ

d
, 0, 0

)
.
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To compute the basic reproduction number we use the next-generation matrix method
(1.6) developed by van den Driessche and Watmough [5]. From model (2.2), it is easy to
check that the infected compartments are I and V . Therefore, the equations for these
two compartments are given by:

d

dt

(
I

V

)
= F − V ,

where

F =

(
bTV

kI

)
, V =

(
aI

uV

)
.

Here F contains the rates of new infections (or production of virus), and V contains the
rates of transfer out of the infected compartments.

Computing the Jacobian matrices of F and V at the DFE yields

F =
∂F

∂(I, V )

∣∣∣∣
E0

=

(
0 bT0

k 0

)
=

0
bΛ

d

k 0

 ,

V =
∂V

∂(I, V )

∣∣∣∣
E0

=

(
a 0

0 u

)
.

Since V is diagonal, its inverse is simply

V−1 =

(
1/a 0

0 1/u

)
.

The next-generation matrix is then K = FV−1:

K = FV−1 =

0
bΛ

d
k 0


1

a
0

0
1

u

 =

0
bΛ

d u
k

a
0

 .

The basic reproduction number R0 is defined as the spectral radius of K:

R0 = ρ(K) = max{|λ| : λ is an eigenvalue of K}.

Since the next-generation matrix K is non-negative and irreducible, the Perron-Frobenius
theorem (1.4.1) guarantees that ρ(K) is a positive eigenvalue, which ensures that R0 is
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biologically realistic. We now compute the eigenvalues of K:

det(K − λI) = det

−λ bΛ

du
k

a
−λ

 = λ2 − bΛk

dau
= 0,

so that,

λ = ±
√
bΛk

dau
.

Therefore,

R0 =

√
bΛk

dau
.

2.1.2 Case 1: Without Treatment

We consider system (2.1) with k > 0 (no antiviral therapy). The basic reproduction
number is

R0 =

√
bΛk

dau
.

Lemma 2.1.1 (Existence of Equilibria). System (2.2) satisfies:

• If R0 ≤ 1, the only nonnegative equilibrium is the disease-free equilibrium E0 =(
Λ
d
, 0, 0

)
,

• If R0 > 1, there exists a unique endemic equilibrium E∗ = (T ∗, I∗, V ∗) given by

T ∗ =
au

bk
, I∗ =

Λ

a

(
1− 1

R2
0

)
, V ∗ =

kΛ

au

(
1− 1

R2
0

)
.

Proof. From the third equation of this system, we obtain:

I =
u

k
V.

Substituting this expression into the second equation of system (2.2) gives:

V
(
bT − au

k

)
= 0.

We consider two cases:

Case 1: V = 0.

Since I = u
k
V , we immediately obtain

I = 0.
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From the first equation of system (2.2), we obtain

Λ− dT = 0,

so T = Λ
d
. This corresponds to the disease-free equilibrium

E0 =

(
Λ

d
, 0, 0

)
.

Case 2: V ̸= 0, which implies
T ∗ =

au

bk
.

Substituting this value into the first equation of system (2.2), we solve for V ∗:

Λ− dT ∗ − bT ∗V ∗ = 0.

Rearranging terms gives

V ∗ =
kΛ

au
− d

b
=
kΛ

au

(
1− 1

R2
0

)
,

where we define R2
0 as follows

R2
0 =

bΛk

dau
.

Finally, since I∗ = u
k
V ∗, the positivity of both I∗ and V ∗ requires R0 > 1.

2.1.3 Case 2: With Treatment (Lamivudine)

Lamivudine is a nucleoside analogue used in the treatment of chronic hepatitis B (CHB).
It inhibits the HBV DNA polymerase, thereby blocking the reverse transcription of prege-
nomic RNA into viral DNA. In this model, we incorporate the effect of lamivudine treat-
ment by setting k = 0, which represents the inhibition of viral production from infected
cells. However, infection of target cells may still occur, so we keep b ̸= 0. The reduced
system is: 

dT

dt
= Λ− dT − bTV,

dI

dt
= bTV − aI,

dV

dt
= −uV.

(2.3)

Lemma 2.1.2 (Infection Eradication Under Therapy). For system (2.3), the only non-
negative equilibrium is the disease-free equilibrium E0 =

(
Λ
d
, 0, 0

)
. Moreover, for any
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nonnegative initial conditions,

lim
t→∞

V (t) = 0, lim
t→∞

I(t) = 0, lim
t→∞

T (t) =
Λ

d
,

Proof. The third equation of system (2.3) is independent and can be solved directly, giving
V (t) = V0e

−ut with V0 = V (0), thus V (t) → 0 exponentially.

Substituting this expression into the second equation of system (2.3) gives a linear
inhomogeneous differential equation:

dI

dt
+ aI = bT (t)V0e

−ut.

Using the integrating factor eat, the solution can be written exactly as

I(t) = I0e
−at + e−at

∫ t

0

bT (s)V0e
−useas ds.

We first examine the first equation of system (2.3):

dT

dt
= Λ− dT − bTV (t).

Since V (t) → 0 exponentially, the nonlinear term −bTV becomes negligible for large t. A
standard perturbation argument shows that

lim
t→∞

T (t) =
Λ

d
.

In the long-time limit, the function T (s) in the integral is close to its limit Λ/d,
replacing T (s) by this constant introduces an error that is exponentially small. Hence we
obtain the asymptotic approximation

I(t) ≈ I0e
−at +

bΛV0
d

e−at
∫ t

0

e(a−u)s ds.

The evaluation of the integral depends on whether a equals u.

We distinguish two cases:

Case 1: a ̸= u. ∫ t

0

e(a−u)s ds =
1

a− u

(
e(a−u)t − 1

)
,

so that
I(t) ≈ I0e

−at +
bΛV0

d(a− u)

(
e−ut − e−at

)
.
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Case 2: a = u. The integral simplifies to t, giving

I(t) ≈ I0e
−at +

bΛV0
d

t e−at.

In both cases every term decays to zero as t→ ∞. Therefore lim
t→∞

I(t) = 0.

Thus, together with the limit T (t) → Λ/d, we have shown that the disease-free equilib-
rium is globally attractive.

2.2 Spatial HBV dynamics with Local Diffusion[29]

The Nowak model [23] assumes spatial homogeneity, meaning that cells and viruses are
well-mixed. While mathematically convenient, this assumption overlooks a key biological
fact: the liver is a spatially structured organ, and virus particles do not reach all target
cells instantaneously. In reality, hepatocytes (both target cells T and infected cells I) are
sessile under normal conditions, they do not move. Free virus particles V , however, can
diffuse through the interstitial fluid, spreading from regions of high concentration to low
concentration [21]. Consequently, the Nowak model cannot capture spatial phenomena
such as the propagation of infection fronts or the influence of local viral gradients.

To address these limitations, Wang and Wang [29] improved the Nowak model by
introducing local diffusion for the free virus compartment. They assumed that the ran-
dom motion of virus follows Fickian diffusion, described mathematically by the Laplacian
operator ∆ acting on the virus density. This spatial extension allows the study of trav-
eling waves (1.7), propagating fronts of infection that move through liver tissue with a
characteristic speed. The existence and properties of these waves can be analyzed using
geometric singular perturbation theory [7], and the minimal wave speed c∗ is related to
the basic reproduction number R0 and the diffusion coefficient D [29].

The proposed model is written as follows:

∂T

∂t
= Λ− dT − bTV,

∂I

∂t
= bTV − aI,

∂V

∂t
= D∆V + kI − uV,

(2.4)

where T (t, x), I(t, x) and V (t, x) denote the densities of target cells, infected cells
and free virus at position x and time t. The parameters have the following biological
meanings:

• Λ: production rate of new hepatocytes,
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• d: death rate of target cells,

• b: infection rate constant,

• a: death rate of infected cells,

• k: viral production rate per infected liver cell,

• u: death rate of free virus.

The new element is the diffusion term D∆V , with D > 0 the diffusion coefficient of the
virus. The Laplacian ∆ is defined as ∆V =

∑∑∑n
i=1

∂2V
∂x2

i
, where n = 1, 2 or 3 depending on

the spatial dimension, in one dimension this reduces to ∆V = ∂2V
∂x2 , which describes the

local spatial spread of virus from regions of higher concentration to lower concentration.
Importantly, no diffusion terms appear for T and I because hepatocytes are assumed
immobile [29].

Biologically, the diffusion term represents the random motion of virus particles in the
interstitial fluid of the liver [21]. This motion allows the virus to reach target cells that
are not immediately adjacent to an infected cell, enabling spatial spread of the infection.
The diffusion coefficient D reflects viral mobility: larger D means faster spread. Thus, the
Wang model (2.4) captures the spatial propagation of HBV within the liver, predicting
that the infection advances as a traveling wave with a well-defined front speed [29].

When the solution is spatially uniform (∆V = 0) or when D = 0, system (2.4) reduces
exactly to the Nowak ODE model (2.1). Hence, the Wang model (2.4) generalises the
classical framework by embedding it into a spatially explicit setting, while retaining the
original dynamics as a special case.

2.3 Nonlocal Dispersal in Periodic Habitats [30]

The classical diffusion model [29] describes local movement through the Laplacian oper-
ator, where particles can only migrate to neighbouring locations. This framework cannot
capture long-range dispersal mechanisms where individuals may jump directly to distant
locations.

To overcome this limitation, Wang, Li and Sun [30] developed a theoretical framework
for nonlocal dispersal in spatially periodic environments. Their general model for two
interacting species reads:

∂u

∂t
=

∫
R
J(x− y)u(t, y) dy − u(t, x) + f

(
x, u(t, x), v(t, x)

)
,

∂v

∂t
= g
(
x, u(t, x), v(t, x)

)
,

(2.5)
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where u(t, x) and v(t, x) denote the densities of two interacting species at time t and
location x. The domain is assumed to be L-periodic, meaning that all coefficients and
the kernel are invariant under translation by L, this captures repetitive spatial structures
such as layered tissues or patterned environments. The functions f and g describe local
reactions and satisfy f(x, 0, 0) = g(x, 0, 0) = 0, so that the zero state corresponds to the
absence of both species.

The key novelty lies in the nonlocal dispersal operator for u:

N [u](t, x) =

∫
R
J(x− y)u(t, y) dy − u(t, x),

which allows individuals at position y to directly influence position x, weighted by the
dispersal kernel J . Unlike the Laplacian, this operator permits long-range interactions.
The kernel J : R → R+ satisfies the following:

Assumption 2.3.1. :

• Normalisation:
∫
R
J(z) dz = 1, which ensures conservation of mass in the absence

of reactions.

• Symmetry: often J(z) = J(−z), however, asymmetry can be allowed to model
directional drift (e.g., due to blood flow).

• Compact support or fast decay: typically J is zero outside a bounded interval,
or decays rapidly, reflecting that very long jumps are improbable.

• Positivity: J(z) > 0 for small |z| guarantees that nearby locations always interact.

This nonlocal framework generalises the previous models: if the kernel J is taken as a
highly concentrated function approximating a Dirac delta, the nonlocal operator reduces
formally to the local Laplacian, so that the Wang (2007) model [29] becomes a limiting
case. Moreover, when the solution is spatially uniform, the nonlocal term vanishes and we
recover a system of ordinary differential equations similar to the Nowak model [23]. Thus,
the Wang (2018) model provides a unifying mathematical framework that incorporates
both local and nonlocal dispersal while explicitly accounting for spatial periodicity.
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Chapter 3

The viral infection model with
nonlocal dispersal

Within-host viral infection models have progressively incorporated spatial structure to
better capture the dynamics of infection in heterogeneous tissue environments. This chap-
ter studies the model proposed by Liu et al [17], which fills this gap by combining nonlocal
diffusion of free virus, an intracellular delay τ > 0 reflecting the latency between viral
entry and the onset of viral production, and position-dependent parameters throughout.
This combination places the analysis in the framework of infinite-dimensional dynamical
systems and requires tools from semigroup theory and functional analysis.

3.1 The Model with Nonlocal Dispersal versus Local

Diffusion

The spatially structured viral infection model studied in (2.2), following Wang et al [29],
represented an important advance over the classical ODE framework by introducing local
Fickian diffusion for free virus. Governed by the Laplacian operator ∆V , that framework
captures short-range viral spread but rests on three simplifying assumptions that limit its
biological fidelity.

First, the Laplacian framework cannot represent long-range transport mechanisms.
In reality, free virus in the liver may travel through blood sinusoids or interstitial fluid,
allowing them to jump directly between distant lobules rather than diffusing gradually
through tissue. Second, the model neglects the intracellular delay between viral entry
into a target cell and the subsequent release of newly assembled virions.

Motivated by these considerations, Liu et al [17] introduced a within-host viral infec-
tion model that simultaneously incorporates nonlocal diffusion of free virus, an intracel-
lular delay τ > 0, and spatially heterogeneous parameters.

Let Ω ⊂ Rn be a bounded connected domain with smooth boundary. The connected-
ness of Ω ensures that the spatial habitat forms a single continuous region, preventing the
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decoupling of the infection dynamics into isolated subsystems and allowing the nonlocal
dispersal and viral propagation to act throughout the entire domain. The model tracks
three compartments densities at time t ≥ 0 and position x ∈ Ω̄: target cells T (t, x),
infected cells I(t, x), and free virus particles V (t, x), governed by:

∂T

∂t
= a1(x)− b1(x)T (t, x)− β(x)T (t, x)V (t, x),

∂I

∂t
= −b2(x) I(t, x) + β(x)T (t− τ, x)V (t− τ, x) e−sτ ,

∂V

∂t
= d

∫
Ω

J(x− y)V (t, y) dy − d V (t, x)− b3(x)V (t, x) + a2(x) I(t, x),

(3.1)

(3.2)

(3.3)

for (t, x) ∈ R+ × Ω̄, where d > 0 is the viral diffusion coefficient. The initial condition
is given by non-negative continuous functions (φT , φI , φV ) on [−τ, 0]× Ω̄. All parameters
a1, a2, b1, b2, b3, β are strictly positive and uniformly continuous on Ω̄.

Biological interpretation. Target cells are produced at rate a1(x) and removed at
rate b1(x)T . Infection occurs upon contact with free virus at rate β(x)TV , but newly
infected cells do not immediately produce virus: a latency period of duration τ elapses
before they become productive, captured by the delayed term β(x)T (t − τ)V (t − τ)e−sτ

in (3.2), where e−sτ is the probability of surviving the latency period. Infected cells are
removed at rate b2(x)I and produce virus at rate a2(x)I. Free virus is degraded at rate
b3(x)V and spreads nonlocally through the operator d

∫
Ω
J(x− y)V (t, y) dy − dV (t, x) in

(3.3), where J is the dispersal kernel introduced in (2.3).

3.2 Global Well-Posedness and Positivity

Let us consider the following function spaces

X = C([−τ, 0]× Ω̄,R), Y = X3 (3.4)

with the norm
∥φ∥X = sup

x∈Ω
|φ(x)|, φ ∈ X (3.5)

and
∥(φ1, φ2, φ3)∥Y =

√
|φ1|2 + |φ2|2 + |φ3|2, (φ1, φ2, φ3) ∈ Y. (3.6)

with positive cones X+ = C([−τ, 0]× Ω̄,R+) and Y+ = X3
+.

We set u(t) = (T (t, ·), I(t, ·), V (t, ·)), the system is reformulated as the abstract Cauchy
problem:

du(t)

dt
= A[u](t) + F [u](t), u(t) ∈ Y+, (3.7)
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where:

Au =


−b1(x)T

−b2(x) I

d

∫
Ω

J(x− y)V (y) dy − (d+ b3(x))V

 , Fu =


a1(x)− β(x)TV

β(x)T (t− τ, x)V (t− τ, x) e−sτ

a2(x) I

 .

(3.8)

3.2.1 The Operator A Generates a Positive C0-Semigroup

Proposition 3.2.1
The operator A generates a uniformly continuous and strictly contractive semigroup
{eAt}t≥0 on Y . Furthermore, eAtY+ ⊂ Y+ for all t ≥ 0.

Proof. We decompose A = A0 + Ã, where:

A0u =

 −b1(x)T
−b2(x) I

−(d+ b3(x))V

 , Ãu =


0

0

d

∫
Ω

J(x− y)V (y) dy

 . (3.9)

We prove this proposition by verifying two main conditions.

Condition 1 — A0 generates a uniformly continuous semigroup.

We first prove that A0 generates a uniformly continuous semigroup on Y . Since A0

is a diagonal operator, the abstract equation du
dt

= A0u decouples into three independent
scalar Cauchy problems:

dT

dt
= −b1(x)T,

dI

dt
= −b2(x) I,

dV

dt
= −(d+ b3(x))V.

Each is a linear scalar ODE with constant-in-time coefficients, solved explicitly by:

T (t) = e−b1(x)tT (0), I(t) = e−b2(x)tI(0), V (t) = e−(d+b3(x))tV (0).

The semigroup generated by A0 is therefore given explicitly by:

eA0tu =

 e−b1(x)t T

e−b2(x)t I

e−(d+b3(x))t V

 , t ≥ 0. (3.10)

We verify that this defines a uniformly continuous semigroup in five steps.
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Step 1 — Identity at t = 0. Evaluating (3.10) at t = 0:

eA0·0u =

e
0 T

e0 I

e0 V

 =

TI
V

 = u.

Hence eA0·0 = IdY .

Step 2 — Semigroup property. For any t, s ≥ 0 and each component i = 1, 2, 3:

(
eA0teA0su

)
i
= e−bi(x)t · e−bi(x)s · ui = e−bi(x)(t+s) · ui =

(
eA0(t+s)u

)
i
,

using the identity eaeb = ea+b. Hence eA0(t+s) = eA0t ◦ eA0s.

Step 3 — Strong continuity at t = 0.

We must show that ∥eA0tu− u∥Y → 0 as t→ 0+, for all u ∈ Y .

We begin by computing the difference eA0tu−u explicitly. For the target-cell component:

[
eA0tu− u

]
T
(x) = e−b1(x)t T (x)− T (x) =

(
e−b1(x)t − 1

)
T (x).

The same holds for I and V , replacing b1 by b2 and d+ b3 respectively. Taking the norm
on Y :

∥eA0tu− u∥Y = sup
x∈Ω

∣∣e−bi(x)t − 1
∣∣ · |ui(x)| ≤ sup

x∈Ω

∣∣e−bi(x)t − 1
∣∣ · ∥u∥Y .

We now bound the factor supx∈Ω |e−bi(x)t − 1|. Since Ω ⊂ Rn is a bounded domain with
smooth boundary, its closure Ω̄ is closed and bounded in Rn, hence compact by the Heine–
Borel theorem (1.14.1). Consequently, as bi ∈ C(Ω̄) and Ω̄ is compact, each bi attains its
supremum:

b+i = sup
x∈Ω̄

bi(x) < +∞.

For any x ∈ Ω̄ and t > 0, applying the elementary inequality |e−r − 1| ≤ r, valid for all
r ≥ 0, with r = bi(x)t: ∣∣e−bi(x)t − 1

∣∣ ≤ bi(x) t ≤ b+i t.

This bound is uniform in x, so taking the supremum over Ω̄ is valid. Setting b+ =

max{b+1 , b+2 , d+ b+3 }, we obtain:

sup
x∈Ω

∣∣e−bi(x)t − 1
∣∣ ≤ b+ t.

Substituting back:
∥eA0tu− u∥Y ≤ b+ t ∥u∥Y

t→0+−−−→ 0.

Step 4 — Uniform continuity. For t, s ≥ 0, factorising
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e−bi(x)t − e−bi(x)s = e−bi(x)s
(
e−bi(x)(t−s) − 1

)
and using e−bi(x)s ≤ 1:

∥eA0t − eA0s∥L(Y ) ≤ b+|t− s| |t−s|→0−−−−→ 0.

Step 5 — Strict contractivity. Since bi(x) ≥ b−i = infx∈Ω̄ bi(x) > 0, define b− =

min{b−1 , b−2 , d+ b−3 } > 0. Then:

∥eA0t∥L(Y ) ≤ e−b
−t < 1 ∀ t > 0.

This completes the proof that A0 generates a uniformly continuous and strictly contractive
semigroup on Y .

Condition 2 — Ã is bounded on Y .

We now prove that Ã is a bounded linear operator on Y .

Step 1 — Identify the non-trivial component. By (3.2.1), only the third com-
ponent of Ã is non-zero:

[Ãu]3(x) = d

∫
Ω

J(x− y)V (y) dy.

Therefore ∥Ãu∥Y = ∥[Ãu]3∥X .

Step 2 — Apply the triangle inequality. For any x ∈ Ω̄:

∣∣[Ãu]3(x)∣∣ ≤ d

∫
Ω

J(x− y) |V (y)| dy,

since J ≥ 0 by Assumption (2.3).

Step 3 — Extract the supremum norm. Using |V (y)| ≤ ∥V ∥X for all y ∈ Ω:

d

∫
Ω

J(x− y) |V (y)| dy ≤ d∥V ∥X
∫
Ω

J(x− y) dy.

Step 4 — Bound the integral of J. By Assumption (2.3),
∫
Rn J(z) dz = 1, so:∫

Ω

J(x− y) dy ≤ ∥J∥L1(Rn) = 1,

independently of x.

Step 5 — Conclude boundedness. Combining the above, for every x ∈ Ω̄:

∣∣[Ãu]3(x)∣∣ ≤ d∥V ∥X ≤ d∥u∥Y .

Taking the supremum over x gives ∥Ãu∥Y ≤ d∥u∥Y . Hence Ã is bounded with ∥Ã∥L(Y ) ≤

41



CHAPTER 3. THE VIRAL INFECTION MODEL WITH NONLOCAL DISPERSAL

d <∞.

Since A0 generates a C0-semigroup on Y (3.2.1) and Ã is bounded on Y (3.2.1), Corol-
lary VI.1.11 of Engel and Nagel [6] guarantees that A = A0+ Ã generates a C0-semigroup
{eAt}t≥0 on Y .

Positivity preservation follows from a standard perturbation argument. The diagonal
semigroup eA0t preserves Y+, since each multiplier e−bi(x)t is strictly positive for all t ≥ 0

and x ∈ Ω̄. The perturbation Ã is likewise positive, as the kernel J(x−y) ≥ 0 ensures that
Ã maps Y+ into Y+. Since both eA0t and Ã are positive, an application of Theorem 1.2 in
Pazy [24] to the perturbed generator A = A0+ Ã guarantees eAtY+ ⊂ Y+ for all t ≥ 0.

This completes the proof of Proposition (3.2.1).

Proposition 3.2.2
The nonlinear operator F : Y → Y is locally Lipschitz continuous on Y .

Proof. We prove this proposition by verifying two main conditions.

Condition 1 — F is Fréchet differentiable on Y .

We first compute the Fréchet derivative of F at any point

ψ = (ψT , ψI , ψV )
T ∈ Y , and then verify that the remainder is o(∥u− ψ∥Y ).

Computing the derivative. The nonlinear terms in F are products of the form β(x)TV .
Applying the product rule d(βTV ) = βV dT + βT dV , the Fréchet derivative at ψ, applied
to a direction φ = (φT , φI , φV )

T ∈ Y , is:

F ′[ψ](φ)(x) =



−β(x)ψV (x)φT (x)− β(x)ψT (x)φV (x)

β(x)ψV (t− τ, x)φT (t− τ, x) e−sτ

+β(x)ψT (t− τ, x)φV (t− τ, x) e−sτ

a2(x)φI(x)


. (3.11)

Note that the third component a2(x)I is already linear in I, so its Fréchet derivative
is simply a2(x)φI , and the associated remainder is zero.

We now verify the Fréchet differentiability condition in five steps, focusing on the
first component, which contains the essential nonlinearity.

Step 1 — Expand the difference [F (u)− F (ψ)]T .

For any u = (T, I, V )T ∈ Y , the first component satisfies:

[F (u)]T − [F (ψ)]T =
(
a1(x)− β(x)TV

)
−
(
a1(x)− β(x)ψTψV

)
= −β(x)

(
TV − ψTψV

)
.

Step 2 — Separate the linear part from the remainder.
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We add and subtract β(x)ψTV inside the bracket to isolate the linear part:

TV − ψTψV = TV − ψTV + ψTV − ψTψV = (T − ψT )V + ψT (V − ψV ).

We then write V = ψV + (V − ψV ) in the first term:

(T − ψT )V = (T − ψT )
[
ψV + (V − ψV )

]
= (T − ψT )ψV + (T − ψT )(V − ψV ).

Substituting back:

TV − ψTψV = (T − ψT )ψV + ψT (V − ψV )︸ ︷︷ ︸
linear part

+(T − ψT )(V − ψV )︸ ︷︷ ︸
remainder

.

Therefore:

[F (u)]T − [F (ψ)]T = −β(x)
[
ψV (T − ψT ) + ψT (V − ψV )

]︸ ︷︷ ︸
=[F ′[ψ](u−ψ)]T

−β(x)(T − ψT )(V − ψV )︸ ︷︷ ︸
=: RT

.

Step 3 — Bound the remainder RT .

For any fixed x ∈ Ω̄:

|RT (x)| =
∣∣β(x) (T (x)− ψT (x)) (V (x)− ψV (x))

∣∣ ≤ β+ |T (x)− ψT (x)| |V (x)− ψV (x)|,

where β+ = supx∈Ω̄ β(x) <∞ by compactness of Ω̄.

Using |T (x)− ψT (x)| ≤ ∥T − ψT∥X and |V (x)− ψV (x)| ≤ ∥V − ψV ∥X :

|RT (x)| ≤ β+ ∥T − ψT∥X ∥V − ψV ∥X ≤ β+ ∥u− ψ∥2Y .

Taking the supremum over x ∈ Ω̄:

∥RT∥X ≤ β+ ∥u− ψ∥2Y .

Step 4 — Bound the remainder RI for the second component.

The remainder for the second component is:

RI(x) = −β(x)
(
T (t− τ, x)− ψT (t− τ, x)

) (
V (t− τ, x)− ψV (t− τ, x)

)
e−sτ .

Taking the absolute value and using β(x) ≤ β+:

|RI(x)| ≤ β+ |T (t− τ, x)− ψT (t− τ, x)| |V (t− τ, x)− ψV (t− τ, x)| e−sτ .
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Using |T (t − τ, x) − ψT (t − τ, x)| ≤ ∥T − ψT∥X and |V (t − τ, x) − ψV (t − τ, x)| ≤
∥V − ψV ∥X :

|RI(x)| ≤ β+ ∥T − ψT∥X ∥V − ψV ∥X e−sτ .

Since e−sτ ≤ 1 and ∥T − ψT∥X ∥V − ψV ∥X ≤ ∥u− ψ∥2Y :

|RI(x)| ≤ β+ ∥u− ψ∥2Y .

Taking the supremum over x ∈ Ω̄:

∥RI∥X ≤ β+ ∥u− ψ∥2Y .

Step 5 — Verify the Fréchet condition.

Combining Steps 3 and 4, and using RV = 0 for the third component:

∥F (u)− F (ψ)− F ′[ψ](u− ψ)∥Y
∥u− ψ∥Y

≤ ∥RT∥X + ∥RI∥X
∥u− ψ∥Y

≤ 2β+ ∥u− ψ∥2Y
∥u− ψ∥Y

= 2β+ ∥u− ψ∥Y .

Therefore:
∥F (u)− F (ψ)− F ′[ψ](u− ψ)∥Y

∥u− ψ∥Y
∥u−ψ∥Y →0−−−−−−→ 0.

This is exactly the definition of Fréchet differentiability (1.11.1).

This completes the proof that F is Fréchet differentiable at every ψ ∈ Y .

Condition 2 — The map ψ 7→ F ′[ψ] is continuous in operator norm.

We must show that:

∥F ′[ψ]− F ′[ψ̃]∥L(Y )
∥ψ−ψ̃∥Y →0−−−−−−−→ 0.

We proceed in four steps:

Step 1 — Compute [F ′[ψ]− F ′[ψ̃]](φ) for the first component.

From (3.11), for the target-cell component:

[
F ′[ψ](φ)− F ′[ψ̃](φ)

]
T
(x) = −β(x)ψV (x)φT (x)− β(x)ψT (x)φV (x)

+ β(x) ψ̃V (x)φT (x) + β(x) ψ̃T (x)φV (x)

= −β(x) (ψV − ψ̃V )φT − β(x) (ψT − ψ̃T )φV .

Step 2 — Bound the first component.
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For any φ ∈ Y with ∥φ∥Y ≤ 1, applying the triangle inequality and using β(x) ≤ β+:

∣∣[F ′[ψ](φ)− F ′[ψ̃](φ)
]
T
(x)
∣∣ ≤ β+ |ψV (x)− ψ̃V (x)| |φT (x)|+ β+ |ψT (x)− ψ̃T (x)| |φV (x)|

≤ β+ ∥ψV − ψ̃V ∥X · 1 + β+ ∥ψT − ψ̃T∥X · 1

≤ 2β+ ∥ψ − ψ̃∥Y .

Step 3 — Bound the second component.

By the identical argument applied to the infected-cell component (with t − τ in place
of t and the factor e−sτ ≤ 1):

∣∣[F ′[ψ](φ)− F ′[ψ̃](φ)
]
I
(x)
∣∣ ≤ 2β+ ∥ψ − ψ̃∥Y .

Step 4 — Third component and conclusion.

The third component satisfies [F ′[ψ](φ)]V = a2(x)φI , which does not depend on ψ.
Therefore: [

F ′[ψ](φ)− F ′[ψ̃](φ)
]
V
= 0.

Combining all three components and taking the supremum over x ∈ Ω̄ and over all ∥φ∥Y ≤
1:

∥F ′[ψ]− F ′[ψ̃]∥L(Y ) ≤ 4β+ ∥ψ − ψ̃∥Y
∥ψ−ψ̃∥Y →0−−−−−−−→ 0.

This completes the proof that the map ψ 7→ F ′[ψ] is continuous in operator norm.
Hence F is continuously Fréchet differentiable on Y .

Final Step — Conclusion: F is locally Lipschitz.

Since F is continuously Fréchet differentiable on Y (Conditions 1 and 2), we apply
the Mean Value Inequality: for any bounded set B ⊂ Y and any u, v ∈ B:

∥F (u)− F (v)∥Y ≤ sup
ψ∈B

∥F ′[ψ]∥L(Y ) · ∥u− v∥Y .

We bound ∥F ′[ψ]∥L(Y ) on B. For any φ ∈ Y with ∥φ∥Y ≤ 1, using (3.11) and β(x) ≤ β+:

∥F ′[ψ](φ)∥Y ≤ β+ ∥ψV ∥X · ∥φT∥X + β+ ∥ψT∥X · ∥φV ∥X + β+ ∥ψV ∥X · ∥φT∥X

+ β+ ∥ψT∥X · ∥φV ∥X + ∥a2∥∞ ∥φI∥X

≤ 4β+ ∥ψ∥Y + ∥a2∥∞.

Since B is bounded, supψ∈B ∥ψ∥Y <∞, and we define the Lipschitz constant:

LB = 4β+ sup
ψ∈B

∥ψ∥Y + ∥a2∥∞ <∞.

45



CHAPTER 3. THE VIRAL INFECTION MODEL WITH NONLOCAL DISPERSAL

Therefore, for all u, v ∈ B:

∥F (u)− F (v)∥Y ≤ LB ∥u− v∥Y .

Since LB is finite for every bounded set B ⊂ Y , the operator F is locally Lipschitz on
Y .

Proposition 3.2.3
Let u0 = (φT , φI , φV ) ∈ Y . There exists T0 > 0 such that system (3.1) has a unique
solution:

u( · , u0) ∈ C
(
[0, T0), Y

)
∩ C1

(
(0, T0), Y

)
,

satisfying either T0 = +∞, or lim sup
t→T−

0

∥u(t, u0)∥Y = +∞. Moreover, if u0 ∈ Y+,

then u(t, u0) ∈ Y+ for all t ∈ (0, T0).

Proof. We prove this proposition in two parts:

Part 1 — Existence and uniqueness.

Since A generates a C0-semigroup {eAt}t≥0 on Y (Proposition 3.2.1) and F is locally
Lipschitz on Y (Proposition 3.2.2), system (3.1) is equivalent to the following integral
equation, known as the variation of constants formula:

u(t) = eAtu0 +

∫ t

0

eA(t−σ) F
(
u(σ)

)
dσ. (3.12)

Derivation of (3.12). Multiply the abstract equation du
dt

− Au = F (u) by the integrating
factor e−At:

e−At
du

dt
− e−AtAu = e−AtF (u).

The left-hand side is the derivative of e−Atu(t):

d

dt

[
e−Atu(t)

]
= e−AtF

(
u(t)

)
.

Integrating from 0 to t:

e−Atu(t)− u(0) =

∫ t

0

e−AσF
(
u(σ)

)
dσ.

Multiplying both sides by eAt and using u(0) = u0 gives (3.12).

Existence and uniqueness via Banach Fixed Point Theorem. Define the map
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Φ : C([0, T0), Y ) → C([0, T0), Y ) by:

Φ(u)(t) = eAtu0 +

∫ t

0

eA(t−σ) F
(
u(σ)

)
dσ.

We show that Φ is a contraction for T0 small enough. For any u, v ∈ C([0, T0), Y ):

∥Φ(u)(t)− Φ(v)(t)∥Y =

∥∥∥∥∫ t

0

eA(t−σ)
[
F (u(σ))− F (v(σ))

]
dσ

∥∥∥∥
Y

≤
∫ t

0

∥eA(t−σ)∥L(Y ) ∥F (u(σ))− F (v(σ))∥Y dσ.

Since {eAt} is contractive, ∥eA(t−σ)∥L(Y ) ≤ e−b
−(t−σ) ≤ 1. Since F is locally Lipschitz with

constant LB on a bounded set B ⊃ {u(t) : t ∈ [0, T0)}:

∥Φ(u)(t)− Φ(v)(t)∥Y ≤ LB

∫ t

0

∥u(σ)− v(σ)∥Y dσ ≤ LB T0 sup
σ∈[0,T0]

∥u(σ)− v(σ)∥Y .

Choosing T0 > 0 small enough so that LB T0 < 1, the map Φ is a contraction on
C([0, T0), Y ). By applying the Banach Fixed Point Theorem (or the fixed point theo-
rem), we find that Φ has a unique fixed point of (3.1).

The condition “either T0 = +∞ or lim supt→T−
0
∥u∥Y = +∞” follows from the classical

theory of abstract evolution equations, see Proposition 4.16 of Webb [31].

Part 2 — Positivity of the solution.

Assume u0 ∈ Y+, i.e. φT , φI , φV ≥ 0 on [−τ, 0]× Ω̄. We prove T (t, x) > 0,

I(t, x) ≥ 0, V (t, x) ≥ 0 for all t ∈ (0, T0) and x ∈ Ω̄.

Positivity of T (t, x).

We argue by contradiction. Suppose there exist t̃ ∈ (0, T0) and x0 ∈ Ω such that:

T (t̃, x0) = 0.

Since T (0, x0) = φT (0, x0) ≥ 0 and T is continuous, we may define the first hitting time:

t̂ = inf
{
t ∈ (0, T0) : T (t, x0) = 0

}
.

By continuity, T (t̂, x0) = 0. Since T (t, x0) > 0 for all t ∈ (0, t̂), the function t 7→ T (t, x0)

is non-increasing at t̂, so:
∂T

∂t
(t̂, x0) ≤ 0. (3.13)
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On the other hand, substituting T (t̂, x0) = 0 into the first equation of (3.1):

∂T

∂t
(t̂, x0) = a1(x0)− b1(x0)T (t̂, x0)︸ ︷︷ ︸

=0

−β(x0)T (t̂, x0)︸ ︷︷ ︸
=0

V (t̂, x0) = a1(x0) > 0, (3.14)

since a1(x0) > 0 strictly by assumption (2.3). Statements (3.13) and (3.14) are contra-
dictory. Therefore:

T (t, x) > 0 ∀ t ∈ (0, T0), x ∈ Ω̄.

Positivity of I(t, x).

The second equation of (3.1) can be rewritten as a linear first-order ODE in I with a
non-negative source term:

∂I

∂t
+ b2(x) I = β(x)T (t− τ, x)V (t− τ, x) e−sτ ≥ 0,

since β(x) > 0, T ≥ 0 (proved above), V ≥ 0 (from the initial condition for t ≤ 0), and
e−sτ > 0. Applying the variation of constants formula to this scalar ODE:

I(t, x) = e−b2(x)t I(0, x)︸ ︷︷ ︸
≥ 0

+

∫ t

0

e−b2(x)(t−σ) β(x)T (σ − τ, x)V (σ − τ, x) e−sτ dσ︸ ︷︷ ︸
≥ 0

.

Both terms are non-negative:

• e−b2(x)t > 0 always, and I(0, x) ≥ 0 since u0 ∈ Y+,

• e−b2(x)(t−σ) > 0, β(x) > 0, T (σ − τ) ≥ 0, V (σ − τ) ≥ 0, e−sτ > 0.

Therefore:
I(t, x) ≥ 0 ∀ t ∈ (0, T0), x ∈ Ω̄.

Positivity of V (t, x).

The third equation of (3.1) takes the form:

∂V

∂t
= A3 V + a2(x) I(t, x),

where A3φ = d
∫
Ω
J(x−y)φ(y) dy− (d+ b3(x))φ generates the positive semigroup Q3(t) =

eA3t established in Proposition (3.2.1). Applying the variation of constants formula:

V (t, x) = Q3(t)φV (θ, x)︸ ︷︷ ︸
≥ 0

+

∫ t

0

Q3(t− σ) a2(x) I(σ, x) dσ︸ ︷︷ ︸
≥ 0

.

Both terms are non-negative:
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• Q3(t) is a positive semigroup and φV (θ, x) ≥ 0 since u0 ∈ Y+,

• Q3(t− σ) positive, a2(x) > 0 by assumption, and I(σ, x) ≥ 0 from above.

Therefore:
V (t, x) ≥ 0 ∀ t ∈ (0, T0), x ∈ Ω̄.

Combining Part 1 and Part 2, there exists a unique local solution u(·, u0) of sys-
tem (3.1), and u(t, u0) ∈ Y+ for all t ∈ (0, T0) whenever u0 ∈ Y+.

This completes the proof of Proposition (3.2.3).

Theorem 3.2.1
Let u(t, u0) be the unique solution of system (3.1) with u0 ∈ Y+. Then:

(i) u(t, u0) : [0,+∞) → Y+ is the unique global solution, i.e. T0 = +∞,

(ii) the semiflow {Σ(t)}t≥0 defined by Σ(t)(u0) = u(t, u0) is bounded dissipative.

Proof. By Proposition (3.2.3), either T0 = +∞ or ∥u(t)∥Y → +∞ as t→ T−
0 . To prove

T0 = +∞, it suffices to show that ∥u(t)∥Y remains uniformly bounded on [0, T0).

We establish this in three steps.

Step 1 — Uniform bound on T and I.

To bound T and I simultaneously, we introduce the auxiliary function:

z(t, x) = T (t, x) + I(t+ τ, x).

The idea behind this choice is the following: differentiating z with respect to t generates
both ∂T

∂t
and ∂I(t+τ)

∂t
, whose infection terms ± β(x)TV appear with opposite signs and cancel

up to the factor (e−sτ−1), which is non-positive. This allows us to eliminate the nonlinear
term entirely.

Differential inequality for z.

Differentiating and substituting the equations of (3.1):

∂z

∂t
=
∂T

∂t
+
∂I(t+ τ, x)

∂t

=
[
a1(x)− b1(x)T − β(x)TV

]
+
[
−b2(x)I(t+ τ) + β(x)T (t, x)V (t, x)e−sτ

]
= a1(x)− b1(x)T − b2(x)I(t+ τ) + β(x)TV

(
e−sτ − 1

)︸ ︷︷ ︸
≤ 0

.
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Since s, τ ≥ 0, we have e−sτ ≤ 1, so the last term is non-positive. Discarding it:

∂z

∂t
≤ a1(x)− b1(x)T − b2(x)I(t+ τ).

Setting b(x) = min{b1(x), b2(x)} > 0:

∂z

∂t
≤ a1(x)− b(x)

[
T + I(t+ τ)

]
= a1(x)− b(x) z(t, x).

Solve the differential inequality.

Applying the variation of constants formula to the scalar inequality
∂z
∂t

≤ a1(x)− b(x)z:

z(t, x) ≤ z(0, x) e−b(x)t +
a1(x)

b(x)

(
1− e−b(x)t

)
.

Since e−b(x)t ≤ 1 and (1− e−b(x)t) ≤ 1 for all t ≥ 0:

z(t, x) ≤ z(0, x) +
a1(x)

b(x)
=: D1(x) < +∞.

Since T (t, x) ≤ z(t, x), we conclude:

T (t, x) ≤ D1(x) ∀ t ∈ [0, T0), x ∈ Ω̄.

Deduce the bound on I(t, x).

From the bound z(t, x) ≤ D1(x) and the non-negativity of both terms in

z(t, x) = T (t, x) + I(t+ τ, x), we have:

0 ≤ T (t, x) ≤ D1(x) and 0 ≤ I(t+ τ, x) ≤ D1(x) ∀ t ∈ [0, T0), x ∈ Ω̄.

The bound on I is expressed at time t+ τ , not at time t. To obtain a bound at time t, we
perform the change of variable s = t+ τ , so that t = s− τ . For all s ≥ τ :

I(s, x) = I
(
(s− τ) + τ, x

)
≤ D1(x).

It remains to handle the interval s ∈ [0, τ ]. On this interval, I(s, x) is determined by the
initial condition φI ∈ Y+, which is continuous on the compact set [−τ, 0]× Ω̄. Therefore:

I(s, x) ≤ ∥φI∥X < +∞ ∀ s ∈ [0, τ ], x ∈ Ω̄.
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Combining both cases, define:

D̃1(x) = max
{
D1(x), ∥φI∥X

}
< +∞.

Then:
I(t, x) ≤ D̃1(x) ∀ t ∈ [0, T0), x ∈ Ω̄.

Next, we denote D1 instead of D̃1 for notational simplicity, keeping in mind that this
constant accounts for both the asymptotic bound and the initial data on [0, τ ].

Step 2 — Uniform bound on
∫
Ω
V dx.

Before bounding V (t, x) pointwise, we first control its spatial average. Integrating the
third equation of (3.1) over Ω:

d

dt

∫
Ω

V (t, x) dx = d

∫
Ω

∫
Ω

J(x− y)V (t, y) dy dx− d

∫
Ω

V dx

−
∫
Ω

b3(x)V dx+

∫
Ω

a2(x)I dx.

Simplify the diffusion terms using Fubini’s theorem.

Applying Fubini’s theorem to exchange the order of integration in the double integral:∫
Ω

∫
Ω

J(x− y)V (t, y) dy dx =

∫
Ω

V (t, y)

(∫
Ω

J(x− y) dx

)
dy.

By Assumption (2.3),
∫
Rn J(x− y) dx = 1 and J ≥ 0, so:∫

Ω

J(x− y) dx ≤
∫
Rn

J(x− y) dx = 1 ∀ y ∈ Ω.

Therefore:

d

∫
Ω

∫
Ω

J(x− y)V (t, y) dy dx ≤ d

∫
Ω

V (t, y) dy.

The diffusion terms satisfy:

d

∫
Ω

∫
Ω

J(x− y)V dy dx− d

∫
Ω

V dx ≤ 0.

Differential inequality for
∫
Ω
V dx.

Using b3(x) ≥ b−3 = infx∈Ω b3(x) > 0 and the bound I(t, x) ≤ D1(x) from Step (3.2.1):

d

dt

∫
Ω

V dx ≤ −b−3
∫
Ω

V dx+

∫
Ω

a2(x)D1(x) dx =: −b−3
∫
Ω

V dx+ C1,

where C1 =
∫
Ω
a2(x)D1(x) dx < +∞.
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Apply the comparison principle.

Denote P (t) =
∫
Ω
V (t, x) dx. Let W (t) be the solution of:

dW

dt
= −b−3 W + C1, W (0) = P (0).

Since dP
dt

≤ −b−3 P + C1 =
dW
dt

and P (0) =W (0), the comparison principle gives:

P (t) ≤ W (t) ∀ t ≥ 0.

Multiplying dW
dt

+ b−3W = C1 by the integrating factor eb
−
3 t:

d

dt

[
eb

−
3 tW (t)

]
= C1 e

b−3 t.

Integrating from 0 to t:

eb
−
3 tW (t)−W (0) =

C1

b−3

(
eb

−
3 t − 1

)
.

Multiplying by e−b
−
3 t:

W (t) =W (0) e−b
−
3 t +

C1

b−3

(
1− e−b

−
3 t
)
.

Since e−b
−
3 t ≤ 1 and (1− e−b

−
3 t) ≤ 1:

W (t) ≤W (0) +
C1

b−3
=

∫
Ω

φV (0, x) dx+
C1

b−3
=: D2 < +∞.

Therefore: ∫
Ω

V (t, x) dx ≤ D2 ∀ t ∈ [0, T0).

Step 3 — Pointwise bound on V (t, x).

The integral bound
∫
Ω
V dx ≤ D2 does not directly give a pointwise bound, since the to-

tal mass could in principle be concentrated near a single point. We return to the pointwise
equation for V and use D2 to control the right-hand side.

Bound the convolution term.

For any fixed x ∈ Ω̄, since J(x− y) ≤ supΩ×Ω J :

d

∫
Ω

J(x− y)V (t, y) dy ≤ d · sup
Ω×Ω

J ·
∫
Ω

V (t, y) dy ≤ d · (sup J) ·D2.

This bound is uniform in x.

Bound the source term.

Using the bound from Step (3.2.1) and a+2 = supx∈Ω̄ a2(x) <∞,
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D+
1 = supx∈Ω̄D1(x) <∞:

a2(x) I(t, x) ≤ a+2 ·D+
1 .

Define C2 and write the scalar inequality.

Setting:
C2 = d · (sup J) ·D2 + a+2 ·D+

1 < +∞,

the pointwise equation for V satisfies the scalar differential inequality for each fixed x ∈ Ω̄:

∂V (t, x)

∂t
≤ C2 − (d+ b−3 )V (t, x).

Apply the comparison principle.

For each fixed x, let Wx(t) satisfy:

dWx

dt
= C2 − (d+ b−3 )Wx, Wx(0) = φV (0, x).

By the comparison principle, V (t, x) ≤Wx(t). Solving explicitly:

Wx(t) = φV (0, x) e
−(d+b−3 )t +

C2

d+ b−3

(
1− e−(d+b−3 )t

)
.

Since e−(d+b−3 )t ≤ 1 and (1− e−(d+b−3 )t) ≤ 1:

V (t, x) ≤ Wx(t) ≤ φV (0, x) +
C2

d+ b−3
.

Taking the supremum over x ∈ Ω̄:

∥V (t, ·)∥X ≤ ∥φV ∥X +
C2

d+ b−3
< +∞ ∀ t ∈ [0, T0).

Step 4 — Global existence: T0 = +∞.

We now combine the bounds established in Steps 1–3 to show that ∥u(t)∥Y is uniformly
bounded on [0, T0).

From Step 1, we have for all t ∈ [0, T0) and x ∈ Ω̄:

∥T (t, ·)∥X ≤ D+
1 := sup

x∈Ω̄
D1(x) < +∞, ∥I(t, ·)∥X ≤ D̃+

1 < +∞.

From Step 3, we have for all t ∈ [0, T0):

∥V (t, ·)∥X ≤ ∥φV ∥X +
C2

d+ b−3
=: D3 < +∞.
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Therefore, the norm of u(t) in Y satisfies:

∥u(t)∥Y =
√

∥T (t, ·)∥2X + ∥I(t, ·)∥2X + ∥V (t, ·)∥2X

≤
√(

D+
1

)2
+
(
D̃+

1

)2
+D2

3

≤
√

2
(
D+

1

)2
+D2

3,

for all t ∈ [0, T0). Since ∥u(t)∥Y is bounded and cannot blow up, Proposition 3.2.3
forces:

T0 = +∞.

The unique global solution u(t, u0) : [0,+∞) → Y+ therefore exists.

The semiflow {Σ(t)}t≥0 : R+ × Y+ → Y+ generated by system (3.1) is defined by

Σ(t, u0) =
(
T (t, ·, u0), I(t, ·, u0), V (t, ·, u0)

)
, t ≥ 0, u0 ∈ Y+.

The semiflow {Σ(t)}t≥0 is global.

Define the bounded set

S =

{
u ∈ Y+ : T (·, x) ≤ a1(x)

b1(x)
, 0 < T (·, x) + I(·, x) ≤ M(x),

∫
Ω

V (·, x) dx ≤ 1

b−3

∫
Ω

a2(x)M(x) dx, x ∈ Ω̄

}
,

where b−3 = minx∈Ω̄ b3(x) and M(x) = a1(x)/min{b1(x), b2(x)} for x ∈ Ω̄. By the esti-
mates in Steps 1–3, the set S is positively invariant for system (3.1).

Step 5 — Bounded dissipativity.

The uniform bounds established in Steps 1–3 show that every solution eventually enters
and remains in the bounded positively invariant set S. Moreover, S absorbs every bounded
subset of Y+. Consequently, the semiflow {Σ(t)}t≥0 is bounded dissipative.

This completes the proof of Theorem (3.2.1).

3.3 Asymptotic Smoothness and Compactness of the

Semiflow

While Section (3.2) guarantees boundedness, the infinite-dimensional space Y requires
compactness for the Lyapunov analysis in the next section. We prove that {Σ(t)}t≥0 is
asymptotically smooth via κ-condensing (1.13.3), decomposing Σ(t) = Ã(t) + F̃ (t) with
Ã(t) exponentially decaying and F̃ (t) compact.
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Theorem 3.3.1: Compact Global Attractor [17]
The semiflow {Σ(t)}t≥0 associated with system (3.1) is asymptotically smooth. Fur-
thermore, {Σ(t)}t≥0 has a compact global attractor in Y+.

Proof. For any initial condition u0(θ, ·) = (φT (θ, ·), φI(θ, ·), φV (θ, ·)) ∈ Y+, the semiflow
associated with system (3.1) is defined by:

Σ(t, u0) =
(
T (t, ·, u0), I(t, ·, u0), V (t, ·, u0)

)
, u0 ∈ Y+, t ≥ 0.

Step 1 —Variation of constants formula for V .

Obviously, V (t, ·, u0) satisfies the following problem:
∂V (t, x)

∂t
= d

∫
Ω

J(x− y)V (t, y, u0) dy − dV (t, x, u0)− b3(x)V (t, x, u0) + a2(x)I(t, x, u0),

V (0, x) = φV (θ, x),

for t ≥ 0 and x ∈ Ω̄. Applying the variation of constants formula to this linear inhomo-
geneous equation gives:

V (t, ·, u0) = Q3(t)φV + a2(x)

∫ t

0

Q3(t− σ) I(σ, ·, u0) dσ, (3.15)

where Q3(t) = eA3t is the uniformly continuous semigroup generated by:

A3φ(x) = d

∫
Ω

J(x− y)φ(y) dy − (d+ b3(x))φ(x).

Step 2 — Principal eigenvalue of A3 and exponential decay.

Following [35, Lemma 2.1], the operator A3 possesses a principal eigenvalue of the
form:

µ0 = − inf
φ∈L2(Ω), ∥φ∥L2=1

{
d

2

∫
Ω

∫
Ω

J(x− y)[φ(y)− φ(x)] dy dx+

∫
Ω

(d+ b3(x))φ
2(x) dx

}
.

Since J ≥ 0 by Assumption (2.3) and d + b3(x) ≥ d + b−3 > 0, both terms inside the
infimum are non-negative. The second term satisfies:∫

Ω

(d+ b3(x))φ
2(x) dx ≥ (d+ b−3 )∥φ∥2L2 = d+ b−3 > 0.

Therefore the infimum is strictly positive, which gives:

µ0 = −(d+ b−3 ) < 0.
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Consequently, there exists ω > 0 sufficiently small such that µ0 < −ω < 0, and the
semigroup satisfies:

∥Q3(t)∥L(X) ≤ e−ωt ∀ t ≥ 0. (3.16)

Step 3 — Decomposition of the semiflow.

Using formula (3.15), we decompose the semiflow into two parts:

Σ(t, u0) = Ã(t, u0) + F̃ (t, u0),

where:
Ã(t, u0) =

(
0, 0, Q3(t)φV

)
,

F̃ (t, u0) =

(
T (t, ·, u0), I(t, ·, u0), a2(x)

∫ t

0

Q3(t− σ) I(σ, ·, u0) dσ
)
, u0 ∈ Y+, t ≥ 0.

By construction, Σ(t, u0) = Ã(t, u0)+F̃ (t, u0), and formula (3.15) confirms the correctness
of this decomposition.

Step 4— The operator F̃ is compact: κ(F̃ (t, B)) = 0.

Let B ⊂ Y+ be any bounded set. We show that for each fixed t ≥ 0, the set F̃ (t, B) is
relatively compact in Y+.

Compactness of the T -component.

From Theorem (3.2.1), there exists D+
1 <∞ such that |T (t, x, u0)| ≤ D+

1 for all t ≥ 0,
x ∈ Ω̄, and u0 ∈ B. Hence the family {T (t, ·, u0) : u0 ∈ B} is uniformly bounded.

To establish equicontinuity in time, we differentiate the first equation of system (3.1):∣∣∣∣∂T∂t (t, x, u0)
∣∣∣∣ = |a1(x)− b1(x)T (t, x, u0)− β(x)T (t, x, u0)V (t, x, u0)| ≤M,

where M > 0 is a finite constant that does not depend on t, x, or u0 ∈ B. This uniform
bound holds because a1, b1, β are continuous on the compact domain Ω̄, and T, V are
uniformly bounded by Theorem 3.2.1.

Applying the Mean Value Inequality (1.14.1) to t 7→ T (t, x, u0) for any t1, t2 ∈ [0, t]:

|T (t1, x, u0)− T (t2, x, u0)| ≤M |t1 − t2| ∀ x ∈ Ω̄, u0 ∈ B.

Since M is independent of x and u0 ∈ B, for any ε > 0, choosing δ = ε/M gives:

|t1 − t2| < δ =⇒ |T (t1, x, u0)− T (t2, x, u0)| < ε ∀ x ∈ Ω̄, u0 ∈ B.

The same δ works for all x and all u0 ∈ B. Therefore the family {T (·, x, u0) : u0 ∈ B} is
uniformly equicontinuous in t.

By the Arzelà-Ascoli Theorem (1.14.2), combined with uniform boundedness and
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uniform equicontinuity, the family {T (t, ·, u0) : u0 ∈ B} is relatively compact in X. There-
fore:

κ
(
{T (t, ·, u0) : u0 ∈ B}

)
= 0.

Compactness of the I-component.

By the identical argument applied to:∣∣∣∣∂I∂t (t, x, u0)
∣∣∣∣ = ∣∣−b2(x)I + β(x)T (t− τ)V (t− τ)e−sτ

∣∣ ≤M ′,

where M ′ > 0 is again independent of t, x, and u0 ∈ B (using T, V ≤ D+
1 , D3 from

Theorem (3.2.1) and e−sτ ≤ 1). The Mean Value Theorem then gives equicontinuity in t,
and Arzelà-Ascoli (1.14.2) gives:

κ
(
{I(t, ·, u0) : u0 ∈ B}

)
= 0.

Compactness of the third component.

The third component of F̃ is: a2(x)
∫ t
0
Q3(t− σ)I(σ, ·, u0) dσ.

Since the family {I(σ, ·, u0) : u0 ∈ B} is relatively compact in X for each σ ∈ [0, t],
and since Q3(t− σ) is a bounded operator and a2(x) is bounded and continuous on Ω̄, the
integral inherits this compactness. Therefore:

κ

({
a2(x)

∫ t

0

Q3(t− σ)I(σ, ·, u0) dσ : u0 ∈ B

})
= 0.

It follows from the compactness of T (t, ·, u0) and I(t, ·, u0) (i = 1, 2) and the positivity
of Q3(t) that the operator F̃ is compact. Hence, for any bounded set B ⊂ Y+ and t ≥ 0:

κ
(
F̃ (t, B)

)
= 0. (3.17)

Step 5 — The operator Ã contracts κ exponentially.

For any u0 ∈ Y+, using the definition of Ã and the decay estimate (3.16):

∥Ã(t, u0)∥Y = ∥Q3(t)φV ∥X ≤ ∥eA3tφV ∥X ≤ e−ωt∥φV ∥X ≤ e−ωt∥u0∥Y .

Taking the operator norm:

∥Ã(t)∥L(Y ) ≤ e−ωt, t > 0. (3.18)

For any bounded set B ⊂ Y+:

κ
(
Ã(t, B)

)
≤ ∥Ã(t)∥L(Y ) · κ(B) ≤ e−ωt κ(B).
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Step 6 — Key estimate and κ-condensing property.

Combining Steps 4 and 5 with the subadditivity of κ (1.13.3):

κ
(
Σ(t, B)

)
≤ κ

(
Ã(t, B)

)
+ κ
(
F̃ (t, B)

)
≤ ∥Ã(t)∥κ(B) + 0 ≤ e−ωt, t > 0.

Thus the semiflow {Σ(t)}t≥0 : R+ × Y+ → Y+ is a κ-contraction of order e−ωt on Y+.

Since {Σ(t)}t≥0 is κ-condensing, Lemma (1.13.1) gives that {Σ(t)}t≥0 is asymptoti-
cally smooth.

Theorem (3.2.1) implies that {Σ(t)}t≥0 is point dissipative on Y+ and the positive orbits
of bounded subsets of Y+ are bounded. [19, Theorem 2.6] and the asymptotic smoothness
of {Σ(t)}t≥0 ensure that {Σ(t)}t≥0 has a compact global attractor in Y+. The proof is
completed.

3.4 Global Stability of the Infection-Free Steady State

In this section, we establish the global asymptotic stability of the infection-free steady
state

P0 =
(
T 0(x), 0, 0

)
, T 0(x) =

a1(x)

b1(x)
, x ∈ Ω̄,

under the threshold condition R0 ≤ 1. The analysis relies on the compact global attractor
established in Section (3.3), which provides the compactness framework required for the
application of the LaSalle invariance principle.

The proof proceeds in two steps. We first establish the threshold relationship between
the principal eigenvalue λ0 and R0 (Theorem 3.4.1), and then prove global asymptotic
stability through the construction of an explicit Lyapunov functional whose integral kernel
is the positive eigenfunction φ0 of the linearised problem around P0.

3.4.1 The Eigenvalue problem and the basic reproudction number

Consider the eigenvalue problem linearised around the infection-free steady state P0 =

(T 0(x), 0, 0):

d

∫
Ω

J(x− y)φ(y) dy − dφ(x) +

(
β(x)a2(x)T

0(x)

b2(x)
e−sτ − b3(x)

)
φ(x) = λφ(x), x ∈ Ω̄. (3.19)

This can be rewritten as (A3 + F3)φ = λφ, where F3[φ](x) =
β(x)a2(x)T 0(x)

b2(x)
e−sτφ(x).

Following [35, Lemma 2.1], problem (3.19) possesses a principal eigenvalue:

λ0 = − inf
φ∈L2(Ω), ∥φ∥

L2=1

{
d

2

∫
Ω

∫
Ω
J(x− y)[φ(y)− φ(x)] dy dx−

∫
Ω

(
β(x)a2(x)T 0(x)

b2(x)
e−sτ − b3(x)

)
φ2(x) dx

}
, (3.20)
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associated with a strictly positive eigenfunction φ0(x) > 0 on Ω̄.

The next generation operator R : X → X is defined by:

R[ψ](x) =
β(x)a2(x)T

0(x)e−sτ

b2(x)

∫ +∞

0

Q3(t)ψ(x) dt = F3 (−A3)
−1[ψ](x), (3.21)

where (−A3)
−1 is well-defined since µ0 = s(A3) < 0. The basic reproduction number is

then:
R0 = r(R), (3.22)

where r(·) denotes the spectral radius.

Theorem 3.4.1: [17, Theorem 2.3]
The principal eigenvalue λ0 has the same sign as R0 − 1 and s(A).

Proof. Problem (3.19) is equivalent to the operator eigenvalue equation:

(A3 + F3)φ(x) = λφ(x), x ∈ Ω̄.

Its principal eigenvalue satisfies λ0 = s(A3 + F3), where s(·) = sup{Reµ : µ ∈ σ(·)}
denotes the spectral bound, following [1, Lemma 2.2].

The arguments of [33, Proposition 2.4] show that the operator A3 is resolvent-positive
and satisfies s(A3) < 0. Applying [28, Theorem 3.5] to the decomposition A3 + F3, we
conclude that s(A3 + F3) has the same sign as r(F3 (−A3)

−1)− 1 = r(R)− 1 = R0 − 1.

Therefore λ0 has the same sign as R0 − 1, and the proof is completed.

Remark 3.4.1. The same approach in [32, 28] demonstrates that R0− 1 and s(A3) have
the same sign.

Theorem 3.4.2: Global asymptotic stability [17, Theorem 4.1]
If R0 ≤ 1, then the infection-free steady state P0 is globally asymptotically stable in
S.

Proof. We construct a Lyapunov functional that is non-negative along every solution in
S, vanishes only at P0, and has non-positive time derivative when R0 ≤ 1.

Step 1 — Construction of the Lyapunov functional.

Let φ0(x) > 0 be the strictly positive eigenfunction of problem (3.19) associated with
λ0. Define the function g : (0,+∞) → R+ by:

g(z) = z − 1− ln z ≥ 0 ∀ z > c > 0,

59



CHAPTER 3. THE VIRAL INFECTION MODEL WITH NONLOCAL DISPERSAL

with g(z) = 0 if and only if z = 1. Define:

U(t) =

∫
Ω

φ0(x)

[
T 0(x) g

(
T (t, x)

T 0(x)

)
+esτI(t, x)+

esτb2(x)

a2(x)
V (t, x)+β(x)

∫ 0

−τ
T (t+θ, x)V (t+θ, x) dθ

]
dx.

Step 2 — Non-negativity and zeros.

Since g ≥ 0 and all remaining terms are non-negative (Proposition 3.2.3), U(t) ≥ 0

for all t ≥ 0. Moreover:

U(t) = 0 ⇐⇒ T (t, x) = T 0(x), I(t, x) ≡ 0, V (t, x) ≡ 0 ⇐⇒ u(t, ·) = P0.

Step 3 — Computing dU
dt

.

Differentiating along solutions of system (3.1) and substituting the equations for ∂tT ,
∂tI, ∂tV :

dU

dt
=

∫
Ω

φ0(x)

(
1− T 0

T

)(
a1(x)− b1(x)T − β(x)TV

)
dx

+

∫
Ω

φ0(x) e
sτ
(
−b2(x)I + β(x)T (t− τ)V (t− τ)e−sτ

)
dx

+

∫
Ω

φ0(x)
esτb2(x)

a2(x)

(
d

∫
Ω

J(x− y)V (t, y) dy − dV − b3(x)V + a2(x)I
)
dx

+

∫
Ω

φ0(x) β(x)
(
TV − T (t− τ)V (t− τ)

)
dx.

Using a1(x) = b1(x)T
0(x) and cancelling the terms ±β(x)TV and ±b2(x)I that appear

with opposite signs across the four lines:

dU

dt
=

∫
Ω

φ0(x) b1(x)T
0(x)

(
2− T 0(x)

T
− T

T 0(x)

)
dx (3.23)

+

∫
Ω

φ0(x) β(x)T
0(x)V dx (3.24)

+
esτb2(x)

a2(x)

∫
Ω

φ0(x)
[
d

∫
Ω

J(x− y)V (t, y) dy − dV − b3(x)V
]
dx. (3.25)

Step 4 — Simplifying the nonlocal diffusion term.

We apply Fubini’s theorem and the symmetry J(x− y) = J(y − x) (Assumption 2.3)
to the convolution in (3.25):∫

Ω

φ0(x) d

∫
Ω

J(x− y)V (t, y) dy dx =

∫
Ω

V (t, x) d

∫
Ω

J(x− y)φ0(y) dy dx.
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From the eigenfunction equation (3.19):

d

∫
Ω

J(x− y)φ0(y) dy − dφ0(x) = λ0φ0(x)−
(
β(x)a2(x)T

0(x)

b2(x)
e−sτ − b3(x)

)
φ0(x).

Substituting into (3.25):

(3.25) =
esτb2(x)

a2(x)
λ0

∫
Ω

φ0(x)V (t, x) dx−
∫
Ω

φ0(x) β(x)T
0(x)V dx.

The last term cancels (3.24) exactly. Equation (3.23)+(3.24)+(3.25) therefore reduces to:

dU

dt
=

∫
Ω

φ0(x) b1(x)T
0(x)

(
2− T 0(x)

T
− T

T 0(x)

)
dx︸ ︷︷ ︸

=: I1 ≤ 0

+
esτb2(x)

a2(x)
λ0

∫
Ω

φ0(x)V (t, x) dx︸ ︷︷ ︸
=: I2

.

(3.26)

Step 5 — Sign of dU
dt

when R0 ≤ 1.

Sign of I1: For any T > 0 and T 0 > 0, a direct computation gives:

T 0(x)

(
2− T 0(x)

T
− T

T 0(x)

)
= −

(
T (t, x)− T 0(x)

)2
T (t, x)

≤ 0.

Since φ0 > 0 and b1 > 0:

I1 ≤ 0, with equality if and only if T (t, x) = T 0(x).

Sign of I2: If R0 ≤ 1, then λ0 ≤ 0 by Theorem 3.4.1. Since φ0 > 0 and V ≥ 0:

I2 ≤ 0, with equality if and only if λ0 = 0 or V (t, x) ≡ 0.

Therefore, from (3.26):
dU

dt
≤ 0 ∀ t ≥ 0.

Step 6 — Largest invariant set.

Define M = {u ∈ S : dU
dt

= 0}. On M, necessarily T = T 0 and V ≡ 0. Substituting
into the I-equation of system (3.1):

∂I

∂t
= −b2(x)I(t, x) + β(x)T 0(x)V (t− τ, x)︸ ︷︷ ︸

=0

e−sτ = −b2(x)I(t, x),

which gives I(t, x) → 0 exponentially as t→ +∞. Therefore the largest positively invari-
ant subset of M is {P0}.

Since the semiflow {Σ(t)}t≥0 has a compact global attractor in Y+ (Theorem 3.3.1),
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and since dU
dt

≤ 0 on S with the largest invariant subset of M being {P0}, the global
asymptotic stability of the steady state P0 follows from LaSalle’s Invariance Principle
(Theorem 1.12.1). The proof is finished.
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Conclusion

This work has presented a mathematical study of within-host viral infection dynam-
ics, progressing from classical models to a spatially heterogeneous framework combining
nonlocal diffusion, intracellular delay, and position-dependent parameters.

Chapter 2 examined two foundational models. The ODE model of Nowak et al. estab-
lished the classical within-host framework and provided an explicit formula for R0 via the
next-generation matrix method. Wang et al incorporated Fickian diffusion for the virus
compartment, introducing spatial structure into the model.

Chapter 3 is devoted to the analysis of the spatially heterogeneous viral infection
model with intracellular delay and nonlocal diffusion proposed by Liu et al. This model
incorporates nonlocal diffusion of free virions through a probability kernel J , allowing
virions to interact across distant spatial locations, which local diffusion cannot capture,
together with intracellular delay τ > 0 and spatially heterogeneous parameters. Three
main results were established. Global well-posedness and positivity of solutions were
proved via semigroup theory and the Banach fixed point theorem. Asymptotic smooth-
ness of the semiflow and the existence of a compact global attractor were obtained through
a κ-contraction argument based on the Kuratowski measure of noncompactness. Finally,
the global asymptotic stability of the infection-free steady state P0 when R0 ≤ 1 was
established via an explicit Lyapunov functional whose kernel is the strictly positive eigen-
function φ0 of the linearised problem around P0.

These results confirm that R0 governs a sharp biological threshold: when R0 ≤ 1, the
infection dies out regardless of initial conditions and spatial heterogeneity. As perspec-
tives, the incorporation of an immune response or a nonlinear incidence rate represent
natural extensions that would further enrich the present framework.
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