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Abstract. The Laplace equations has been studied in several stages and has gradually developed over
the past decades. Beginning with the well-known standard equation Au = 0, where it has been well
studied in all aspects, many results have been found and improved in an excellent manner. Passing to
p-Laplace equation Apu = 0 with a constant parameter, whether in stationary or evolutionary systems,
where it experienced unprecedented development and was studied in almost exhaustively. In this article,
we consider initial value problem for nonlinear wave equation containing the p-Laplacian operator. We
prove that a class of solutions with negative initial energy blows up in finite time if p > r > m, by using
contradiction argument. Additional difficulties due to the constant exponents in R™ are treated in order to
obtain the main conclusion. We used a contradiction argument to obtain a condition on initial data such
that the solution extinct at finite time. In the absence of the density function, our system reduces to the
nonlinear damped wave equation, it has been extensively studied by many mathematicians in bounded
domain.
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1. Introduction

The study of Laplace equations has been studied in several stages and has gradually

developed over the past decades. Beginning with the well-known standard equation Au = 0,
where it has been well studied in all aspects, many results have been found and improved in an
excellent manner. Passing to p-Laplace equation A,u = 0 with a constant parameter, whether
in stationary or evolutionary systems, where it experienced unprecedented development and
was studied in almost exhaustively.
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In this article, we consider IBVP for nonlinear wave equation containing the p-Laplacian
operator, Ayu = div(|V,ulP~2V u),

(0w — 0(z)Ap)u + p|Opu|™ 2 Opu = blu|""2u, in R™ x (0, 00), (1.1)

u(z,0) = u’(x), Owu(z,0) =u'(x), zcR", (1.2)

where o(z) > 0, Vo € R, u # 0, (o(z))™! = v(x). The density function is v: R" — R,
v(z) € CO(R™) with 6 € (0,1) and v € L™?(R"™) N L=(R™).

In the absence of the density function (that is, if o(x) = 1), equation (1.1) reduces to
the nonlinear damped wave equation, it has been extensively studied by many mathematicians
in bounded domain.

In the famous work [1], Georgiev and Todorova extended Levine’s result to the case
of nonlinear damping of the form |9;u|™ '0u. More precisely, in [1], V. Georgiev and
G. Todorova and by combining the Galerkin approximation with the contraction mapping
theorem, showed that problem

Auu(z,t) — Agu(z,t) + a|du|™ 2 du = b |ulP 2 u, (1.3)

in a bounded domain with initial and boundary conditions of Dirichlet type has a unique
solution in the interval [0;T") provided that 7' is small enough. Also, they proved that
the obtained solutions continue to exist globally in time if m > p and the initial data are
small enough. Whereas for p > m the unique solution of problem (1.3) blows up in finite time
provided that the initial data are large enough (i. e., the initial energy is sufficiently negative).
This result was generalized to an abstract setup by Levine and Serrin [2], Levine et al. [3] and
Vitillaro [4].

Among the most recent work concerning the p-Laplace equation, we can review Lazer
et al. [5], where the authors tried to demonstrate the existence of periodic solutions for models
of nonlinear supported bending beams and periodic flexing in floating beam. In [6] the authors
used discontinuous Galekin method to approximate a biharmonic problem. They also gave an
a priori analysis of the error in L? norm. In [7] the author has studied a problem p-biharmonic
using discontinuous Galerkin finite element Hessian. To solve the problem, the authors used
a fixed point iterative method. In [§], a nonlinear (in space and time) wave equation with
delay term in the internal feedback is considered. By multiplier method and general weighted
integral inequalities, the authors treated the question of asymptotic behavior of solutions.
For more details, please see [9-14].

The present paper is organized as follows. In Section 2, we present some assumptions and
preliminaries. Section 3 is devoted to the blow-up result.

2. Spaces and Operator Settings

DEFINITION 2.1 [15]. We define the function spaces of our problem as follows

PVPRY) = {u e L/ P (R") : V,u € (LP(RM)"}, (2.1)

0 = ( / rvmurpdx) ,
R

with respect to the norm

Q=
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and the spaces L2(R™) to be the closure of C§°(R") functions with respect to the inner product

(u,v) 2 @n) = /uuvdw.
Rn

For 1 < ¢ < oo, if u is a measurable function on R", we define

[l g mny = </V’f’qd$> ; (2.2)

Rn

and that 21P(R") can be embedded continuously in L™/("~P)(R™), i. e., there exists k > 0
such that
[ull v/ - < EJull g (2.3)
We shall frequently use the following version of the generalized Poincaré’s inequality.
Lemma 2.1 [16]. Suppose v € L"/P(R™). Then there exists v > 0 such that

/\qu]pdx Zy/y]u\pdx, (2.4)
R® R"

for all u € Z1P(R").
Lemma 2.2 [16]. For any u € 2'P(R")

lull Lz @ny < Nl ey | Vaul Lo (n) - (2.5)
Lemma 2.3 [16]. Assume that v € L'(R™) N L>®(R™). Then for any 1 < ¢ < p < oo

LP(R™) c LI(R™), (2.6)

that is 3¢ > 0 such that |[ul| 3 gn) < c||ul|Lrgn), where ¢ = Hyugp—q)/pq.

Lemma 2.4. Suppose that oo > p > s > r > 1. Then there exists a positive constant ¢
such that
lull gy < € (1l @y + lul,),
for any u € ZHP(R™).
< If [Jullzr®ey < 1, then Hu||5L£(Rn) < Hu||2£(Rn) for s > r. If [Jul|pr@®e) = 1, then
HuHSLT(Rn) < Hqur(Rn) for p > s. By using Lemma 2.3 and Lemma 2.1, we obtain
HuHSLT(Rn) < llully,,,- Together with the two cases, we get Lemma 2.4. >

Lemma 2.5. If x and y are nonnegative real numbers and p,q > 0 such that 1/p+1/q = 1,
then for any nonnegative real number 3

P -1
xy<ﬂ—x”+p—ﬁ_%y#-
p p

Now, we define the energy associated to the solution of the system (1.1)—(1.2) by

1 b

1 T
¢(t) =3 1817 3 ey + » [l — = lllzy @n)- (2.7)

r
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Lemma 2.6. Let u be the solution of (1.1)—(1.2). Then

d m
28 (t) = Ol Py < 0. (2.8)

< Multiplying (1.1) by v(x)d;u and integrating over R", we get

/u(x)@tuattudx — /&tuApudx—i—u/u(x)]atu\mdx = b/u(x)]u\rzuatudx. (2.9)
R7 R"

R™ R™

—~

Using equation (1.1) and integration by parts, we obtain

d 1d
2 p _
2 10vullr ey + bt lullgrr + pllOcl T ey = = = Il @y

DN |
&|g‘

The proof is completed. >

3. Blow Up Results

We define

Our main result is reads as follows.

Theorem 3.1. Suppose that p > r > m and v € L'(R") and E(0) < 0. Then, any weak
solution u of the problem (1.1)—(1.2) blows up in finite time, i. e.,

1 1
lim sup <— oru 2, oy = |lu b > = 0.
msup | 5 10l 72 @y ’ l[ullg1.p

< Assume that there exists some positive constants C' such that u solution of (1.1) satisfies

o1l ary + - 1l < C. (3.1)
and
0< O < A0 < g [0y + 3 Il + ol 32
Hence
HO) < AW < 2l sy
we define
L(t) = A(t) + 2¢ / v(z)udiu dx, (3.3)
J

for small € to be chosen later and for

r—m r—2 . 1 p—2 p—m
max , <a<min| =, , .
rtm—1)" 2 272 "rim—-1)

Taking a derivative of (3.3), we obtain

L) = —a () A t) + 2 / v(x)udyu dr + 28“@”“%3(]@)- (3.4)
Rn
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On the other hand, from (1.1), we have
L'(t) = (1= )" ()7 (t) + 2e|0pul| Ty gny + ebllullTy @y

—ellullt,.., —ue/l/(x)uatu|8tu|m_2dx.

Rn

(3.5)

Now, we estimate the term [p, v(z)udsu|Opu|™ 2dx, by using Young’s inequality with
the conjugate exponents m and m/(m — 1)

m _ 1 m
u/u(m)u@tu\atu]m_Q dr < ,u/l/(x) (— lul™ + Uik e = \atu]m> dx
m m
RTL

R

uﬁm

uB™
[l 7 (g +—H’() T

p(m — 1)
< - mm n -
=l ey +

BT Opul| T ey <
By substitution in (3.5), we get

m—1

L) > [(1 —a)t) + e ﬁ%] H'(t)

uﬁm

+ 2610l Tz oy + 22bllull Ty ey — 2¢lullf, + /|7 ey

it remains valid even if 3 is time dependent. Therefore by taking 8 so that
BT = KA (),

for large K to be specified later and substituting in (3.6), we obtain

L'(t) 2 (1= )" ()7 (t) + 2e|0pul| Ty gny + 2ebllul 7y @y — 2elullfyn,

m oa\m— m —Q
— 20 L gctom et g oy — 20 (1) (1)

(3.7)
> ((1 — ) — 2K T) A (£) 70 (8) + 22| 0pul| 5
T /J' —m oa\m— m
o+ 2eblul oy — 2ellulys,, — 26 £ K1 D 7,

On the other hand, by using (3.2) and the inequality [ul|m@rn) < cl|ull Ly ®n), We get

a(m—1) m b a(m=1) ra(m—1)+
A DOy < (2 el (3.5)
Inserting (3.8) in (3.7), using Lemma 2.4 for p > s = ra(m — 1) +m > r, to deduce that

20> ((1-a) - 22 "2 ) 020 + 2100l e

m

1 1
#2510y + 3 [y + 20) = 2l

m, b\ r
e gt () (G0l + (145 ) L, + ).
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Consequently, we obtain for 0 < 6 < 1

m

L) > <(1 —a)—2:K m—_1> (0 A1)

b —m
e (L= Ol + < (2r = (1= O)p — 20K ) A (1)

r 1 (3.9)
+e (2 -y CLK'™™" — 5 (1= 9)?) 10¢ull72 )
tvelel—a—0—2(1+ 1)K ||,

p pb 7

where (m—1)

C b alm—

c, =—# (-) .

m \r

At this point, we choose K large enough so that (3.9) becomes
/ m — 1 12 e
Ltz |(1—a)—2eK —— | A (t)H#(t)
m (3.10)

+eB[A) + [l gy + 190l oy + 0l 0]

where > 0 is the minimum of the coefficients in (3.9).

We choose (1 — 0)p < min(r,2 + r), that is 3(1 —0)p —r < 0.

Finally, we pick € so small so that (1 — a) — 2eK ™=1 > 0. Therefore, (3.10) takes on the
form

() 2 8(A) + Ly oy + 190013 oy + Nl ) (3.11)
We conclude that .Z is a nondecreasing function of ¢
L(t) > £(0) = #172(0) + QE/V(x)uo(x)ul(x) dx >0 forall ¢t>0.
Rn

Now, we estimate the term [p, v(z)udyu dz as follows

/V(x)uatudx < /1/32 (ac)(zﬁ(x)\u]) (V%(x)]&guodx.

R R™

Using Holder’s inequality with the functions

f= IJTQ__TQ, g= I/%”U,‘, h= Vélatu\,

2r

and the conjugate exponents a; = =5,

as =1, ag = 2, we get

r—2
/ v(@yudyudz| < ||v] g Il g o 19 2 o).
Rn

Owing to the Young’s inequality, with 1/a +1/b =1

r—2
/ v(@)udsu dz| < Crl[v | F gy (el ) + 190 ) ).
Rn
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Finally, we obtain

l1—a
a _b
/y(x)uatudx < CQ(HU| %,E?R") + Hatu| %,g((lﬂen))
Rn
We choose b = % and a = 211:—20(‘1, then
1
l—« 9
/V(m)uatudx < G (Hu\ Lr@ny T H@tuH%g(Rn)>-
Rn
Using the Lemma 2.4 for p > 1_22a > r, we get
1
11—«
[ vapouds| < s (Julln + s + 10l )

R

Therefore, we obtain

11—«

gﬁ(t) — ((;fla(t) + 25/1/(3:)u8tu d:v)

i (3.12)
<A () + lully ey + Tl + 10y gn)) . 0.
Combining (4.1) and (3.12), we arrive at
L) > AL (1), t>0, (3.13)

where A is a positive constant depending only on A and C.
A simple integration of (3.13) over (0,t) yields

a 1
LTE() > — :
“ £ e (0) — dat

-«

t>0.

Therefore, .Z(t) blows up in time
11—«

Ao T4 (0)

N

Furthermore, we have

. 1
lim (Hatuuig(w) = HuH;Lp> ~ .

t—T,

This leads to a contradiction with (3.1). Thus, the solution of problem (1.1) blows up in finite
time. This completes the proof. >

Conclusion

In this paper, we studied the global nonexistence of solutions for a class of nonlinear wave
equation with p-Laplacian. Under suitable assumptions on the variable exponents p, m, r
and the density function, it is proved that the solutions with negative initial energy blow up
in finite time. The paper can be viewed as an extension of the previous works to p-Laplace
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type in unbounded domain R™. Additional difficulties due to the constant exponents in R™ are
treated in order to obtain the main conclusion. We used a contradiction argument to obtain
a condition on initial data such that the solution extinct at finite time.
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Awnnortanusi. Ypasaenne Jlamiaca n3ydagoch B HECKOJIBKO 9TAINOB U IOJYyYMJIO OypHOE Pa3BUTHE B Te-
JeHue TOCJeHUX JlecaTuiernii. Haunnasi ¢ Xoporno u3BecTHOro cranjaprHoro ypasHenus Au = 0, koropoe
XOPOIIIO M3YYEeHO BO BCEX aCIEKTaX, ObLIM YCHUJIEHBI MHOTHE DPE3yJIbTAThI W HAWIEHBI HOBbIE ITOCTAaHOBKU. [le-
pexoj, K p-ypasrenuio Jlammaca Apu = 0 ¢ IOCTOSHHBIM IapaMeTpoM, Oyib TO B CTAIMOHAPHBIX HJIA IBO-
JIIOIIMOHHBIX CHCTEMaX, IPHUBEJ K GECIPEere/IEHTHOMY Pa3BUTHUIO U IOYTH MCYUEPIILIBAIOIIEMY UCCJIEIOBAHUIO.
B nmanmOl craThe MBI paccMaTpUBaEM HAYAJIBHYIO 3aJady JJjis HEJTUHEHHOTO BOJTHOBOI'O YPaBHEHWS, COIEp-
JKAIEro p-jariacuan. MeTosoM oT IIPOTUBHOIO JOKA3aHO, YTO KJIACC PEIIeHUil ¢ OTPUIATEIbHON HAYaIbHOM
SHeprueil B3PLIBAETCS 3a KOHEUYHOE BPEMsl, €CJIU P = T > m. UTobbl OJyYUTh OCHOBHOIN BBIBOJI, HEOOXOIMMO
0BOHTH JIONIOJTHUTEIbHBIE TPY/IHOCTH, CBI3aHHBIE C IIOCTOSTHHBIMY MoKazaresnsmu B R™. TTosydeno yciaosue Ha
HavaJIbHBIE JIAHHbBIE, IPH KOTOPBIX PEIlleHre UCUYe3aeT 3a KOHEYHOe BpeMsi. B orcyTcrBue hyHKIUN IIOTHOCTH
HAIIA CUCTEMa CBOJUTCS K HEJUHEHHOMY YPABHEHMIO 3aTyXAIOIIEl BOJHBI, KOTOPOE B ONPAHUYEHHON 00JIacTh
AKTUBHO M3yYaJOCh MHOIUMU MaTEeMaTUKAMU.

KinoueBble cjioBa: B3pbIB, KOHEYHOE BpeMsi, HeJIMHEHHOe 3aTyxaHue, ypaBHenue p-Jlamiaca, BeCOBbIE
IPOCTPAHCTEBA.
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