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Abstract: The present paper deals with well-posedness and asymptotic stability for weakly coupled
wave equations with a more general internal control of diffusive type. Owing to the semigroup theory
of linear operator, the well-posedness of system is proved. Furthermore, we show a general decay rate
result. The method is based on the frequency domain approach combined with multiplier technique.
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1. Introduction

When describing the propagation of nonlinear waves with an internal control of
diffusive type, the theory of semigroup is often used. It is used in the case, which is quite
important for applications, when the internal diffusive mechanism is described by integer
derivatives. The large amount of currently available experimental data on the internal
structure of nonlinear waves in applications requires the complication and modification of
mathematical modeling methods. Here, the main attention is paid to the construction and
analysis of stability for nonlinear mathematical models that reflect the influence of internal
control of diffusive type.

To begin with, let () be a bounded open domain in R” (# > 1) with a smooth boundary
00, x € Ot € (0,40) and @ € (—oo, +00). We consider the following system of coupled
wave equations with general internal control of diffusive type

o — Ayu + ijo? o0(@)p(x,@,t)dw + pv =0,

oo — Ayv + (ffj:: o(@)g(x,@,t)dw + pu =0,

u=0v=0 on dQ)
ot (x,@,t) + (0% +1)¢(x,@,t) — duo(@) = 0, 1
91(x,@, 1) + (@ + 1) p(x,@,1) — dyva(@) = 0,

u(x,0) = uo(x),atu;zx,o) =up(x),
v(x,0) = vy(x),dv(x,0) = v1(x),
¢(x,@,0) = ¢po(x,@) and ¢(x,®,0) = @o(x, @),

where ¢ > 0,77 > 0 and ¢ are a general measure density, the initial data are taken in suitable
spaces, and the coefficient j satisfies the condition

0<|g| <éC
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where 6 € (0,1). When ¢(w) = |cD\ (f = 7t !sin(arr) and ¢y = 0, problem (1)1,
becomes

{ ot — Ayu + yaf’ﬂu +pv=0,

010 — AyU + 78?"70 +pu=0,

where 9} denotes the generalized Caputo’s fractional derivative of order a, 0 < & < 1
with respect to the time variable. It is defined by

at”w(t):m/o(t—s) e =22 (s)ds, 1y > 0.

In [1], Mbodje studied the energy decay of the wave equation with a boundary control
of fractional derivative type, that is, for x € (0,L),t € (0, +c0)

o (x,t) — uyx(x,t) =0,

u(0,t) =0,

ux(L,t) +pdy u(L, t) =0,

u(x,0) = up(x), 9wu(x,0)=uq(x).

A new approach named “diffusive representation” is used to solve the problem. The
first model is transformed into a related system which can be easily treated by the energy
method. If # = 0, the strong asymptotic stability of solutions is proved and, when 1 # 0,
an algebraic decay rate £(t) < C/t for t > 0 is shown. In [2], Villagram et al. study the
stabilization for the following coupled wave equations with dynamic control of fractional
derivative type, for x € (0,1),t € (0, +00)

Optu — Uxyx + P =0,

04V — Uxx + Pu =0,

u(0,t) =0v(0,t) =0,

u(x,0) = up(x),9su(x,0) = uy(x) and v( 0) = vg(x),9:v(x,0) = v1(x),
ux(1,t) = —8;"u(1,t) and vy (1,t) = —3;"0(1, t).

The authors proved that the decay of energy is not exponential, but it is polynomial.
Recently, in [3], Boudaoud and Benaissa extended the result of Mbodje to a higher-
space dimension and general internal control of diffusive type.

At — Ayt + [T 0(@)¢(x, @, H)do = 0,

u(x,t)=0 on dQ),
Pt(x,@,t) + (0% +1)¢p(x, @, t) — duo(@) = 0,

u(x,0) = up(x), 9mu(x,0)=up(x),

$(x,@,0) = ¢o(x,@),

The authors proved a very general rate depending on the form of the function .

Our paper extends all the previous works, and its plan is as follows. In Section 2, we
give preliminary results, and we establish the well-posedness of the system (1), owing to the
Hille-Yosida Theorem. We show, in Section 3, the lack of exponential stability. In Section 4,
an asymptotic stability of our model is studied, where the main results are Theorem 4 and
Theorem 7. In Theorem 7, we established a general rate of decay which depends on that of
the density function .

Remark 1. For this topic, we can say that there are many related problems which still are open,
such as in the unbounded domain, where one can consider the same model in R" with weighted
functions.
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2. Preliminary Results and Well-Posedness
We state hypotheses on the even non-negative measurable function ¢ as

o g(@)?

e Sy de@ < 0. )

Now, we recall some definitions which are needed in Section 4 for the application.

Definition 1. Leta > 0, and let M : [a, +00) — (0, +-00) be a measurable function, then M has
a positive increase if there exist &« > 0,c¢ € (0,1] and sy > a, such that

M(xs) N
M) =

x>1, s> sg.

The next Lemma will be useful (see [1]).

Lemma 1. Let
D={xkeC/Rc+n>0}U{Sx #0},

ifx € D, then

) 2
9 ((O) _ T a—1
./—oo K+ 1+ @2 dw_sinzxn(K—l_W) ’
and . )
[ @) do=(1— )= ()2
Jowo (k41 + @2)? sin a7t

We are now ready to give the existence and uniqueness result for the problem (1) by
using semigroup theory. The energy space is defined as

H = [Hy ()] x [L2(Q)]? x [L2(Q x (—o0, +00))%,

equipped with the following inner product

(U, U)y

/Q (@ + 22 + VauVadl + V20V, + pud + poil ) dx

C[ [ (05 + 99 doar, ®

_|_

where

u= (u,v,w,z,gb,go)T,U = (ﬁ,ﬁ,w,i,d),gb)T.

Remark 2. Note that if 0 < |B| < 6C, we have

2[Bll[ull2-l[]l2
2|B|- [ Vxull2-[ Vxoll2 )
S([IVxull2 + [[Vaoll2),

2‘59{(%6)‘

INIA A

which gquarantees the positivity of the norm.

In order to transform the problem (1) to an abstract problem on the Hilbert space H,
we introduce the vector function U = (u,v,w, z, ¢, go)T, where w = d;u and z = 0;v. Then,
problem (1) can be rewritten as

U = AU, U(0) = Uy, (5)

where Uy = (ug, v, 41,91, ¢0, o)’ , and A : D(A) C H — H is defined as follows



Axioms 2023, 12, 48 40f17

w| |[Au—-C]) ;OQ )p(@)dw — B

A z | Axv—Cf Jp(@)do — Bu | ©)
¢, (w‘+w¢+ww>(>
¢ —(@* + 1) +2(x)o(@)

and its domain is given by

(u,v,w,z,cp,go)T in H : u,v € H2(Q)N Hé(Q),w,z = Hé(Q),
gf o (@)dw — pv € L*(Q) and
D(A) = Axv -7/t (@)deo — pu € L2(Q)
(@2 +77)4>+w( )Q( ) € L*(Q x (=09, +00)), [@]¢p € L*(Q X (—00,+00))
—(@* + 1) +z(x)o(@) € L*(Q x (—00,+)), [@|¢ € L*(Q x (—00, +00))

The energy associated to the solution of the problem (1) is given by

1
) = 5|19+ [3rl3 + | Vaul3 + | V3]

+2,6/ uvdx+€/ / (I9(x. @) +lg(x,@,t)) dodx. ()

Differentiating &£ in a formal way, using (1) and integrating by parts, we obtain, after a
straightforward computation, the following Lemma.

Lemma 2. Let (u,v,w,z,¢, @) be a reqular solution of problem (1). Then, the energy functional
defined by (7) satisfies

ac) = ~¢ [ [ (@ +n(lot@ 0P+ lo(x 0P dadx

< 0. (8)
We have the following results.
Proposition 1. The operator A'is the infinitesimal generator of a contraction semigroup {S(t) } 1~

Proof. First, we prove that the operator A is dissipative. We observe that U € D(.A) and
by (5), (8) and the fact that
1
E(t) = 5lIull%, ©)

we obtain

RAU, Uy = = [ [ (@% +1)|$p(x, @)|* deodx. (10)
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In fact, using (3), and integrating by parts, we obtain

(AU, U) / (V2wV 71 — Ve Vit + V42V — Vy2Vy0)dx

= o (@) (108 + loP)de
+ ﬁ/ WO — WO + 21 — zUl dx+§/ {(qbzfgbz) (@zfﬁ)}da)
— 2ilm /Q VWV iidx + 2ilm /Q V2V Tdx

+ 2iplm / WV yTdx + 2ipIm / 2V yiidx
Q
2itm [ — 2 2)d
+ Q2ilm [ o(@)¢z—C | w+77 |¢\+I¢I @

Hence, taking the real part, then estimate (10) holds.

Next, we prove that the operator kI — A is surjective for every x > 0. We show that for
any F = (f1, f2, f3, fa, f5, f6)| € H, there exists a (unique) solution U = (u,v,w,z, ¢, ¢)”
D(A)m such that kU — AU = F.

Then, in terms of components, the above equation reads

Ku—w = f1,

KU —z = fo,
Kw — Axu+€f " fD)‘P( Jd@ + po = f3,

(11)
Kz — D0+ [T 0(@)p(@)do + Bu = fu,

K+ (@ + 1) — w(x) (@) =fs
kg + (@% + 1) —z(x)o(@) = fo.

Suppose (u,v) is found with the appropriate regularity. Then, from (11); and (11),,
we find that

w=xu—f; € H(Q)
(12)
z=rxv— fr € HY(Q),
and by (11)5 ¢, we obtain
¢ = fs(x@) | xe(@)ux)  o(@)f(x)
@2+1+xK @2+n+x @2 +1+x
(13)
Q= fox@) | re(@)o(x) _ e(@)fr(x)
@Z+n+x | @2+ntx @2+i+x
On the other hand, replacing (12); » into (11)3 4, respectively, yields
u— b+ [77 o(@)¢p(@)do + po = f3+ xfi
(14)
K20 — A0+ [T 0(@)p(@)d@ + Bu = f4 + K fa.
Solving system (14) is equivalent to finding u,v € H*(Q) N H}(QY), such that
Jo(KPuil + VxuV i) dx + «{ [ uitdx + B [0l
(15)

= [o(fo +xf1)idx — e w2+,7+K Jqo fs(x, @)idxdo + { [, friidx,
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and - _ _
Jo (K200 + V0V 0)dx + «{ [, vodx + B [ uddx
(16)

— [y (fat+xfo)ddx - [*2 wfﬁ;’;ﬂ [ fo(x, @)Bdxd + [, foBdx,

forall @,5 € HY(Q) and £ = ¢ [** €@ 4

0o (DZ+ +K
The system (15) and (16) is equlvalent to the problem

B((u,v), (i,9)) = L(,7), (17)
where the sesquilinear form
B: [Hj(Q) x Hy(Q)]* — C,

and the antilinear form
L:[H}(Q)? —C,

are defined by
B((u,v), (i1,9)) = /Q(Kzuﬁ—f— K208 + V. uV, i 4+ VoV 3)dx + Kf/@(uﬁ—f— v0)dx,
and

L,

(N1
S~—

_ /Q(fz+Kf1)ﬁdx+/0(f4+Kf2)5dx+§/0flﬁdx

B C/_:)o wziff;)_,_,( /Q(f5(x/w)ﬁ+f6(x,@)5)dxd(!0.

It is not hard to verify that B is continuous and coercive, and £ is continuous. By
Lax-Milgram’s Theorem, we deduce for all #, 5 € H}(Q), the problem (17) admits a unique
solution u,v € H}(Q). Using classical elliptic regularity, it follows from (15) and (16) that
u,v € H(Q) N H{(Q). In order to complete the existence of U € D(.A), we need to prove
¢, ¢,|@|¢ and |@|p € Lz(Q X (—00,00)). From (13)1, we get

2 s @) 2 0*(@)
| [ s@Pdedx<s [ [ (02+17+ 5 d dx + 3(x ||”||2+Hf1||2)/Rm

Using (2), it easy to see that

2 2
(@) 1/ (@)
——————do < - ————dw < .
/1R(w2+17+1<)2 ~xJR (@241 +x) e

On the other hand, using the fact that f5 € L?(Q x (—c0,0)), we obtain

| f5(x, @) ?
// (@2+7+x)? pdodx < 5 /|f5x6’0)| do dx < +oo.

It follows that ¢ € L?(Q x (—o0,00)). Next, using (13);, we obtain

)2 @ |f3(x, @) |? 201,112 |@|?0* (@)
@ dod <3/ dodx + 3(x /7(1@.
//' 9(@) * (@ +r)2 O (Nl + A1) R (@2 + 17 +K)?
Using (2) again, it easy to see that

|@*¢* (@) (@)
/Rmda)</ Sy o < e
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Now, using the fact that f5 € L2(Q) x (—o0,00)), we find

// |@|?|f5(@ da)d //|f5xco)| dodx < +oo.

w2+17+

It follows that |@|¢ € L?(Q x (—0c0,00)) and ¢ € L2(Q x (—o0,00)). Finally, it is clear
that

— (@ + )¢ (x, @) + w(x)e(@) = kp(x, @) — f5(x, @) € L}(Q x (—00,00)).

Using the same arguments, we can prove ¢, |@|p € L*(Q x (—c0,0)). Then, U €
D(.A). Therefore, the operator xI — A is surjective for any « > 0. [

Consequently, using the Lumer—Philips Theorem [4], we have the following result.
Theorem 1 (Existence and uniqueness). If Uy € H, then system (5) has a unique weak solution
UecC'(Ry,H).

Moreover, if Uy € D(.A), then system (5) has a unique strong solution

UeCRy,D(A)NCHRL,H).

3. Lack of Exponential Stability

Theorem 2 ([5]). Let S(t) = e be a Cy-semigroup of contractions on Hilbert space X. Then,
S(t) is exponentially stable if, and only if,

p(A) D {iB: B R} =R, (18)
and
Jim l1GpI - A) M) < oo (19)

Our main result in this part is the following Theorem.
Theorem 3. The semigroup generated by the operator A cannot be exponentially stable.

Proof. Let —62 = (id,)? be a sequence of eigenvalues corresponding to the sequence of
normalized eigenfunctions u, of the operator Ay, such that |§,,| — coas n — o0 and
Aty = —0fuy  inQ),
xUn nlUn (20)
u, =0 on 0Q).

Our aim is to prove, under some conditions, that if id,, satisfies (18), then (19) does not
hold. In other words, we want to prove that there exist an infinite number of eigenvalues of
A approaching the imaginary axis, which prevents the wave system (1) from being exponen-
tially stable. Indeed, we first compute the characteristic equation that gives the eigenvalues
of A. Let k be an eigenvalue of A with associated eigenvector U = (u,v,w,z, $, (p)T. Then,
AU = xU is equivalent to

xu—w =020,

xv—z=0,

kw — Au+ ¢ [72 0(@)p(@)dw + o = 0,
Kz — A0+ [T 0(@)p(@)d@ + pu = 0,
Kk + (@ +11)¢ —w(x)o(@) =0

kg + (@ + 1) — z(x)o(@) = 0.

(21)
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We note that assuming the decomposition given by ® := u + 9,0 := w+z and
A = ¢+ ¢, we have

k®—0 =0,
KO — Ay® +{ [72 0(@)Adw + B = 0, (22)
kA + (@% + 1) A — @o(w@) = 0.

The problem (22) can be rewritten as
Vi= A1V, V(0) =V, (23)
where Vy = (@, ®1,Ag)T, and A; : D(A) C H — H is defined as follows
—+o00
A1(D,0,A) = <®, Ay®—( / 0(@)A(@)d®, — (@ + 1) A + ®(x)Q(w)). (24)
Taking¥ :=u -9, Y :=w—zand E := ¢ — ¢, we have

¥ —Y =0,
KY =AY+ [T2 0(@)Edw — BY = 0, (25)
KE + (@* +1)& — Yo(w) = 0.

Moreover, note that

1 1 1 1 1 _
U= §(®+‘1’), V= §(<I>—‘I’), w = §(®+Y), z:= E(@—Y),q} = E(A+u),
and ¢ := (A — E). We define the Hilbert space

H = Hj(Q) x L}(Q) x LA(Q x (00, +00)),

equipped with the following inner product

{ ViVolu = Jo (@18 + Vo1 Vi + 18, )dx + ¢ [, |73 ArAzdeodx 6

W, W = fo (Yo + Vit Vo — B Ts )dx + [, [ E1Faded,

where Vi = (®1,01,A1), Vo = (P2,02,A2), Wi = (¥1,Y1,E1), and W, = (¥, Y2, Er)
Note that inner product (Uj, Uz)y given in (3) satisfies equality

1

(Uy, Up)y = 5

(<V1, Vo) + (Wh, W2>H)~
Now, we need to solve problems (22)—(25). From (22) 1 , we have
O = «d. (27)
Inserting (27) in (22), , we obtain
K20 — Ay® + [ 0(@)A(@)de@ + P = 0. (28)
Then, from (27), (22)3, and (28), we obtain

) 2
KD — A ® + { [T kd(x) S iﬁkdw +BD =0, (29)

it follows that

0 2
Ay® = (;<2 . ffixdw)cp. (30)
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From (20) and (30), we obtain the existence of a sequence of eigenvalues x, of A
corresponding to the sequence ¢, such that

o0 2 @
sdion =0 = (g [ T C L da)on

then, we obtain

400 2
2 _ 2 0 (@)
5”*_’(”_5_5/700 fr

By taking A, = mq)n and the vector V,, = (,5 ,®,,Ay)T, wehave V,, € D(A;).

Then, a direct computation gives

Du @
i0y " o

Ay (an) = (iénCDn + BD, — 5ffoo Q(@)An(w)d(I)) .
An i6p A

It follows that
0
(i8] — A))Vy = | =Py +{ Py [ 75 ﬁd‘”
0
Proving

H(iénl - Al)ile(H) — 00 as |0y — (i.e., as n— oo),
reduces to show that, as n — oo,

— 0.

e (@)
H_.BCDn‘l'Cq)n/ ¢\@ 12(Q)

0o @241 +iby

sl ] w5

o @%+1+idy,

Indeed, using the fact that

‘/ w2+17+1ﬁ dw’§—>0 as n—r oo,
[e¢] n

(see Lemma 4.3 in [6]) and the fact that ®;, is a normalized eigenfunction of the operator Ay
for each n € N, we obtain the desired limit. Therefore, taking U = (1,0, w,z, ¢, ¢) € D(A),
we conclude that

1 1
Nl = 5 (VIR + W) = 51V — +eo.
This completes the proof. [

4. Stability
4.1. Strong Stability of the System

Here, we use the general Theorem of Arendt-Batty in [7] to show the strong stability of
the Cg-semigroup e/ associated to the system (1). Our main result is stated in the following

Theorem 4. The Cy-semigroup e' is strongly stable in H,; i.e, for all Uy € H, the solution of (5)
satisfies

lim |e"4Uo||3 = 0

t—o0
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In order to prove Theorem 4, we need the following two Lemmas.
Lemma 3. A does not have eigenvalues in iR.

Proof. Step 1: By contraction, we suppose that there exists ¥ € R, x # 0 and U # 0, such
that
AU = ixl. (31)

Then, we obtain
ixu—w =20,

ikv—z=0,
ikw — Ay + [T o(@)¢p(@)d + pv =0,

00 32
ikz — Ao+ [T 0(@)p(@)de + u = 0, (32)
i + (@02 +17)¢ — w(x)e(@) =0
i+ (@ +17)p — z(x)o(@) =
Now, using (31) and (10), we deduce that
=0 and ¢=0 in QX (—oo,+00). (33)
From (32)5 and (32);, we have
w=0 and u=0 in Q. (34)
It follows from (32)g and (32), that we obtain
v=0 and z=0 in Q. (35)
Therefore, U = (u,v,w,z,¢, )" = 0.
Step 2: ¥ = 0. The system (32) becomes
w=0,
z=0,
M= [ o(@)¢(@)d — po = 0,
i B (36)
A0 =7 [1 o(@)p(@)d@ — pu =0,
(wz +17)¢ —w(x)e(@) =0
(@ +1)¢ —z(x)e(@) =0
Hence, From (36); » and (36)s5 6, we obtain
w=0,2z=0,¢=0 and ¢=0 in Q. (37)

Multiplying (36)s by 1, (36)4 by 7, and using integration by parts over (), we obtain

Jo |Vxul?dx — B [ vidx =0, (38)
Jo | Vxv|?dx — B [, uvdx = 0.

Adding (38); and (38), and using (5.20), we have

o (IVeu? + |VioP)dx < 2/3’ I v.udx‘, )
< O o (IVxul? + | Viv|?)dx.

Consequently,
(1-6) /Q(|qu|2 +|Veo?)dx < 0. (40)
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Hence, u, v are constant in the whole domain (), and u = v = 0 on 9d(), then we have
u =0, and v = 0 in the whole domain Q. Therefore, U = (u,v,w, z, ¢, (p)T = 0. We deduce
that, consequently, A has no eigenvalue on the imaginary axis. [

Lemma 4. We have
iR C p(A) ifn #0, iR* C p(A)ifn=0.

Proof. We should prove that the operator ix] — A is surjective for ¥ # 0. To this end, let
F = (fl,fz,fg,f4,f5,f6)T € H; we seek the U = (u,v,,w,z,¢, go)T € D(A) solution of
(ixI — A)U = F.

Equivalently, we have

iKu —w = fy,

iKv —z = f,

iKw — Ayt + gf *o(@)¢p(@)dw + v = f3,
ikz — Ao+ [T 0(@)p(@)d + pu = fu,
it + (@ +17)p — w(x) (@) = fs

ik + (@ +17)p — z(x)o(@) = fe.

(41)

Inserting (41)1 7 in (41)3 4, respectively, we have

(42)

—12u — D+ [ 0(@)p(@)d@ + o = f3 + ik fy,
—x%0 — A+ fj;o 0(@)p(w)dw + Bu = fy + ik fs.

Solving system (42) is equivalent to finding u,v € H*(Q) N H}(QY), such that

Jo(—x uu—i—ququ)dx—i-lK@fQ ulidx + B [ viidx

= [o(fs+ixfy)adx — ¢ [T2 2 ¢D2+17+m Jo f5(x, @)idxdo + { [, friidx. (43)

and
Jo(—x%00 + V0V, 0)dx + i;c§~ fQ vddx + B [, uddx

= [o(fs +ixf)adx — ¢ [72 — H] +m Jo fo(x,@)Bdxd@ + { [, fr0dx. (44)

forall i, € H}(Q).
The system (43) and (44) is equivalent to the problem

— (Le(w,0), (,9)) + a((u,0), (1,)) = £(1,9), (45)
where
a((u,0), (1,0)) = [ (VauVyil + VxoVi0) dx + il [ (uil + v0) dx + B [, (ud + vil)dx,
and
(Li(14,0), (1, 9)) 1 ey = Joy ¥ (ull + 07) dix.

Owing to the compactness of embedding L?(Q) into H~1(Q), and from H}(Q) into
L?(Q), it follows that the operator Ly is compact from L?(Q)) into L?(Q). This way, by the
Fredholm alternative, proving the existence of a solution (1, v) of (45) reduces to show that
1is not an eigenvalue of Ly for £ = 0. Indeed, if there exists # # 0 and v # 0, such that

(L (u,0), (,0)) (1) = Ao (,0), (1,9)) Vi, 5 € Hy(QQ),

then ix is an eigenvalue of A. Therefore, from Lemma 3, we deduce that u = 0.
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Now, if « = 0 and # # 0, by using the Lax-Milgram Lemma, we obtain the result. [J

Proof. (Of Theorem 4.) Following a general Theorem of Arendt-Batty in [7], the Cy-
semigroup of contractions can be taken as strongly stable if A does not have eigenvalues
on iR and o(A) NiR is at most a countable set. Owing to the Lemmas 3 and 4, we find the
result. [

4.2. General Decay

Theorem 5 ([8]). Let A be the generator of a bounded Cy-semigroup (S(t))s>0 on X. Let X be a
Banach space, if

iR C p(A) and || iBI — A) " £(x) < M(IB]),

where
M:Ry — (0,00)

is a continuous nondecreasing function, then

leAt || < mHUOHD(A),C,c >0,

where
Mlog : R+ — (0/ oo)'

is defined by
Miog(s) = M(s)(log(1 + M(s)) +log(1 +s)), s > 0.

We have the next important Theorem.
Theorem 6 ([9]). Let A be the generator of a bounded Co-semigroup (S(t))>0 on X. If
iR C p(A) and ||(iBT — A) | (x) < M(IBI),

where X is a Hilbert space and
M : RJr — (0, OO)

is a continuous nondecreasing function of positive increase, then

leAUsll < Cpgs IWUollpay, £ — oo,

for a positive constant C > 0.

Theorem 7. Let
— o S—2( (TP ___do
M) = e8(J23 i)
for a suitable positive constant ¢, and where S = fj;o % d@. Then, S 4(t); satisfy

(1) If M is a nondecreasing function of positive increase, then

leAf U < Cﬁ [Uollpay, t— o0,
where M~ is any asymptotic inverse of M.
(2)  Let | be a nondecreasing slowly varying function, if

M(x) ~ cl(|x|), || — oo,

then

Aty | < @HUOHD(A)/
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where
hog(s) = 1(s) (log(1 +1(s)) + log(1 +5)), 0> s.
Proof. We need to study the resolvent equation
(ixI = A)U = F,
for x € R, namely

ik —w = f1,
ikv—z = fo,
iKw — Ayu + gf*“’ (@)p(@)d + pv = f3,

46
ikz — Ao+ [T 0(@)p(@)dw + Bu = fy, (46)
ik + (@ + 1) — w( Jo(@) = f5
ixg + (@2 +1)g — z(x)o(@) = fs.
where
F=(fi, fo f3 far f5, fo) "
Taking the inner product in H with
U= (uovwz¢e),
and using (10), we obtain
[Re(AU, U)| < [[Ul5[|F[l3- (47)
This implies that
T Jo J22/(@ + 1) (19(x, @)1 + |9(x, @) [?) deo dx < |[U|3]|F||3- (48)

From (46)5, we obtain
w(x)o(@) = (ik + @ +1)p(x, @) — fs(x,@), V(x,@) € Q x (—00,+00).  (49)
By multiplying (49) by (ix + @2 + 17) ~2|@|, we obtain

(ix + @ + 1) w(x)|@|o(@) = (ix +@* + 1) ol — (i + @ + 1) ?|@|fs(x, @), x€Q. (50)

Hence, by taking the absolute values of both sides of (50) and applying triangle
inequality, we obtain

|(ix + @? +17) 72| [w(x)| @] o(@) < |(ix + @ + ) | |@] 9] + |(ix + @ + 1)~ |@] | f5(x, @) .

By integration over (—oo, +00), we obtain

too |@le(@) _ @9 Foo |@|fs(x,@)
|‘ f— lK-‘rL’UZ-H’] ch‘ ’ f 00 ik+@2+1 dw‘ - ’ f—oo m d(D’ (51)

On the other hand, by applying Cauchy-Schwartz inequality, we deduce that

|13 it do| < (ffoflwl%zdw)%(ffg T d(o)%
1 1 (52)
<

(Sl +mg?do)” (2 il )
and

o0 00 3 00 2 3
S i da| < (L2 sa)Pdo) ([ rimde) . G
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By substituting (52) and (53) into (51), taking the square of inequality (51) and using
the inequality 2AB < A? + B2 we obtain

+oo ) 2
2 ‘/ 1K|—|—(‘DQZ+ dw‘
n)?
oo dw
sz(/m (P +miglaa) ([ | rerarre)
400 400 |(D|2
2
Integrating (54) over (2, we obtain
2
/|w |2dx ‘/ |(D‘Q2 dco’
(ik + @2 + 17)?
o dw
2 2
<2// |(D| —|-77)|¢| d(i)dx(/oo m)

+ 2(/0/W |f5(x,w)|2dwdx)(/zo|i;{+|c‘girwdw). (55)

Now, from Proposition 2.4 in [2],

| [Tlixtn+ @) olo@) do|

> TS0 ity + @) 2lole(@) de
> LR [ @ ) Plale(@) do
where cos 6 = 11/+/x2 + 2. We obtain
‘ffm%dw‘ L 2 e do. (56)
Denoting S = | j:)o % dw, and by using (55), (56) and (48), we obtain
Slole < 4( [ mrorp) U1

o0 @|?
2
+ A f5lT2 (0% (—oo,400)) (/,oo lix + @2 + 5|+ d(D)

+ee d@
8(/,00 m)HUH 1|
+oo |w|2
2
+ 16||f5||[42(Q><(7c>o,+oo))(‘/70o md@) (57)

Using the same argument, we can prove

Foo do
SZ 2 < u

R
+ 160l follf2 oo,m))(/w mdw). (58)

IN
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We now state the following
Eu= [ (o) +12(x) 2 + [Vaxu(x) + Vo (x) ) .
Multiplying (46)3 by i and (46)4 by @ leads to

[qixwidx — [ Axuiidx + [0 [ 0(@)p(x, @)d@ dx + B [ viidx = [, fsii dx,

and
[y (ix0B — Ayvd)dx + [0 [12 0(@)g(x, @)d@ dx + B [ uvdx = [ fsdx.

Then,
— [qw (ixu)dx + [ |[VaulPdx + [oi [72 0(@)(x, @)d@dx + B [, viidx = [, foiidx (59)
— oz (o) dx + [ |VaulPdx +{ [na [T o(@)g(x, @)d@dx + B [ uvdx = [, favdx.

Replacing (46); into (59); and (46); into (59),, we have
— Jqw ) dx + [o | Veul?dx + Cfnuf @)p(x,@)d@ dx + B [, viidx = [, faudx
— Joz( dx + [ | VoPdx + ¢ fna [T q)(x,a”))da) dx + B [ uvdx = [, favdx.

Then,

—/Q(|w(x)|2+\z(x) ) dx+/ (|Vsu> +|V|?) dx+/3/ (uv + vur) dx

+o0 _ B
+C/ ﬂ/ o(@)¢p xcodcodx+§/ / xci)da)dx—/(f312+wf1—|—f4z7+fzz)dx
9] —00
It can be written as

/Q(|w(x)|2+|z(x)2 dx+/ (It + |Vx0|?) dx

= —g/oﬂ/::g(w) xci)dc@dx—é/ /+00 ¢(x,@)dw dx

" /Q(f3ﬁ+wf1+f4v—|—fzz dx—ﬁ/Q 1T + v dx+z/Q w(x)2 + 2(x) ) dx.

Hence,
400 2 %
& < dula( [ ][ el@e (x @)dol dx)* +awz/1/ @)g(x,@)do| dx)
A1z Nullz + lollz I fillz + N fallz lollz + 1 £l l1zll2 + 2llwl13 + 211213

+O(| Va3 + 1|Vl 3),

and using

| /:,:o Q(‘D)"’(""D)d‘o‘z = (/:,:o ;’i(f; ) (/:o(@2 +1)|plde),

and

[ e@gmenal < ([ (gi(ﬂ 1) ([ (@ +n)lglda),
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we deduce that

Ew < C||”|2(/_:>ow2+11 %(// (@ +11)|¢|2dwdx)%

+o0 1 1
Q 2 2 2
+¢lola( [ wzw // (@ + )lgPde dx)

+llfall2 llull2 + llwllz | frll2 + Ml fallz 1ol + 1l 2112 1212

+2[w]13 +2[|2]13 + 6(| Vxuell5 + [ V20l13).
Hence,

Eu < elulz+c(@IUNF]+ellul +c(e) 53 +ellvlz + ()l fall2

+ AR+ 1013+ cllwl + cllzll + (1 Vaull3 + [ V20ll3)-
Using the estimation
203+ 1113+ @1 fall3 + 12115 < c[[FI?,
and the classical Poincaré’s inequality
lull3 < cl|Vxull3 and o]3 < ¢ Voll3,
we obtain
Eu < 2ec([|Vxul3 + IVxol3) + c(llw]3 + l1zI3) + el FI* +cliu] |[F.
Then, we obtain
Eu < cllwll3 + 2[5 + cIIEI? + U I,

and from (48), it follows that

—+o00
IgIz +lilE: = [ [ (1o +19P)dwax
+oo
2 2 2
c [ [ @ +n)(19P+loF)deds < U] .

IN

We conclude that
Ul < cllw|3 + l|z]I5 + ¢'[[F||* + " [[U| | F]. (60)

Inserting (57) into (60), we obtain

e d@o
-2 _ aw

/ 2 «© |‘D|2
¢S (/ T o)

+ IEIP Ul

IN

Il

+

Then, we obtain
lulg, < M*(x)IIFI3, (61)
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where

M) =es ([ <|K|+fof+;7|>z)-

It follows that

1 , 4
W”(ZKI —A) gy £C Ve € Rbmefm
for a positive constant C. By applying Theorems 5 and 6, following the form of M, we find
the main result. [J

Author Contributions: A.B.; writing—original draft preparation, N.B.; writing—original draft prepa-
ration, R.A.; writing—review and editing, funding acquisition, K.B.; writing—review and editing,
K.Z. supervision. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: The researchers would like to thank the Deanship of Scientific Research, Qassim
University, for funding the publication of this project.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Mbodje, B. Wave energy decay under fractional derivative controls. IMA . Math. Control. Inf. 2006, 23, 237-257.

2. Batty, C.J.K.; Chill, R.; Tomilov, Y. Fine scales of decay of operator semigroups. J. Eur. Math. Soc. (JEMS) 2016, 18, 853-929.

3. Boudaoud, A.; Benaissa, A. Stabilization of a Wave Equation with a General Internal Control of Diffusive Type. Discontinuity
Nonlinearity Complex. 2022, 11, 1-18.

4.  Pazy, A. Semigroups of Linear Operators and Applications to Partial Differential Equations; Springer: New York, NY, USA, 1983.

5. Pruss, J. On the spectrum of Cy-semigroups. Trans. Am. Math. Soc. 1984, 284, 847-857.

6. Benaissa, A.; Rafa, S. Well-posedness and energy decay of solutions to a wave equation with a general boundary control of
diffusive type. Math. Nachrichten 2019, 292, 1644-1673.

7. Arendt, W,; Batty, C.].K. Tauberian theorems and stability of one-parameter semigroups. Trans. Am. Math. Soc. 1988, 306, 837-852.

8. Batty, C.J.K,; Duyckaerts, T. Non-uniform stability for bounded semi-groups on Banach spaces. J. Evol. Equ. 2008, 8, 765-780.

9. Rozendaal, J.; Seifert, D.; Stahn, R. Optimal rates of decay for operator semigroups on Hilbert spaces. Adv. Math. 2019 346,
359-388.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.



	Introduction
	Preliminary Results and Well-Posedness
	Lack of Exponential Stability
	Stability
	Strong Stability of the System
	General Decay

	References

